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Abstract

Some time ago, the first and third authors proposed two relative trace formulas
to prove generalizations of Bocherer’s conjecture on the central critical values of the
degree four L-functions for GSp(4), and proved the relevant fundamental lemmas.
Recently, the first and second authors proposed an alternative third relative trace
formula to approach the same problem and proved the relevant fundamental lemma.
In this paper the authors extend the latter fundamental lemma and the first of the
former fundamental lemmas to the full Hecke algebra. The fundamental lemma is
an equality of two local relative orbital integrals. In order to show that they are
equal, the authors compute them explicitly for certain bases of the Hecke algebra
and deduce the matching.
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Preface

One of the central themes of modern number theory is to investigate special
values of automorphic L-functions and their relation to periods of automorphic
forms. Central values are of considerable significance because of their relevance to
the Birch & Swinnerton-Dyer conjecture and its generalizations. Here we cannot
help mentioning the celebrated results of Waldspurger [26, 27] in the GL(2) case,
which have seen many applications. Jacquet studied Waldspurger’s results by his
theory of relative trace formula in [11, 12, 13]. The relevant relative trace formulas
have been explicated and extended by several authors [1, 16, 21].

Bocherer made a striking conjecture concerning the central critical values of
spinor L-functions for holomorphic Siegel modular forms of degree two. In the
representation theoretic viewpoint, the relevant group is GSp(4), the group of 4 by
4 symplectic similitude matrices, and the conjecture can be stated as follows.

CONJECTURE. (Bocherer [2]) Let ® be a holomorphic Siegel eigen cusp form
of degree two and weight k for Sp(4,Z) with Fourier expansion

(I)(Z) — Z a(T,‘i)) e27ritr(TZ)’
>0

where T runs through positive definite semi-integral symmetric matrices of size 2.
For an imaginary quadratic field E with discriminant —d, let

Bg (®) = Z aéffgl))

where the sum is over SLy (Z)-equivalence classes of T with detT = 4 and € (T') =
#{y€eSLe (Z) |'vT~=T}.

Then there is a constant Cg such that, for any imaginary quadratic field E, the
central value of the twisted spinor L-function is given by

L(1/2,76 ® kp) = Cp - d* % - |Bp (@),

Here mg is the automorphic representation of GSpy(Ag) associated to ® and kg is
the quadratic idele class character of A@ associated to E in the sense of the class
field theory.

In [8], the first and third authors generalized Bocherer’s conjecture by inter-
preting the sum of Fourier coefficients above as a period integral over a Bessel
subgroup. Namely let E/F be a quadratic extension of number fields, 7 be an
irreducible cuspidal representation of GSp,(Ar), g its base change to GSp,(Ag),
w the central character of 7, and Q a character of A5 /E> such that Q|A; =w L
Roughly, these generalized conjectures assert the existence of a central-value for-
mula for L(1/2,75 ® Q) in terms of Bessel periods for a functorial transfer .
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b PREFACE

of  on a suitable inner form G, of G = GSp(4). The reader is referred to [8,
Introduction] for precise statements.

This framework realizes Bocherer’s conjecture as a higher rank analogue of
Waldspurger’s formula relating twisted central values for GL(2) L-functions to toric
periods [27]. These conjectures are closely related to a special case of the Gross-
Prasad conjecture [9]. We refer to the work of Prasad and Takloo-Bighash [24] for
a proof of the local Gross-Prasad conjecture for Bessel models of GSp(4). We also
refer to the important paper of Ichino and Ikeda [10] for a refined formulation of
the global Gross-Prasad conjecture in the co-dimension one case.

The approach proposed in [8] to tackle Bocherer’s conjecture (and the gen-
eralizations proposed therein) is via the relative trace formula. A major step in
a trace formula approach is to prove the relevant fundamental lemma, both for
the unit element of the Hecke algebra and for the full Hecke algebra. Specifically,
the first and third authors proposed two different relative trace formulas—the first
being simpler but only applicable for € trivial, and the second general but more
complicated—and established the fundamental lemma for the unit element for both
trace formulas.

In very broad terms, a relative trace formula on a group G with respect to
subgroups H; and Hy is an identity of the form

RTFG(f) =D L,(f) =Y Ja(f) + Juc(f),

where [ € C*(G(AR)), v € Hi(F)\G(F)/H2(F), 7 runs through the cuspidal
automorphic representations of G, and Jy.(f) denotes the contribution from the
noncuspidal spectrum. Such an identity, which often needs to be regularized, is
obtained by integrating the geometric and spectral expansions of an associated
kernel function Ky on G x G over the product subgroup H; x Hy. The geometric
terms I, (f) are known as (relative) orbital integrals, and the spectral terms J(f),
often called Bessel distributions, can be expressed in terms of period integrals over
Hy and Hs. The relative trace formulas proposed in [8] are of the form

(*) RTFq(f) =) RTFeq.(f)

where G runs over relevant inner forms of G = GSp(4) and (f.)c is a (finite) family
of “matching functions” for f. In both relative trace formulas, both subgroups H; ¢
and Hj . for each RTF¢,_ are the Bessel subgroups of G.. In the first relative trace
formula, the subgroups for G are the Novodvorsky, or split Bessel, subgroups. The
second relative trace formula actually is on G(Ag) rather than G(Ap), and one
subgroup is the Novodvorsky subgroup while the other is taken to be the F-points
of G. Again, we refer to [8, Introduction] for precise statements.

The idea to prove an identity such as (*) is to show that individual corre-
sponding geometric terms I, (f) and I, (fe) agree. These orbital integrals fac-
tor into products of local orbital integrals, so it suffices to show local identities
I,(fy) = I, (fewn) of orbital integrals. When v is nonarchimedean and f, and
fen are unit elements of the Hecke algebra, this identity is known as the fun-
damental lemma (for the unit element). It actually only needs to be proven at
almost all places, so in our situation, we may assume G, ~ G, = GSp,(F),) and
fo = fe,» is the characteristic function of the standard maximal compact subgroup
K, = GSp,(OpF,). The fundamental lemma for the Hecke algebra, which again
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needs only be shown at almost all v, is an identity of the form I, (f,) = Iy (fev)
when f, and f., are “matching functions” in the respective Hecke algebras.

Once one has the relative trace formula identity RTFq(f) = > RTF¢, (f.) for
sufficiently many matching functions f and (fe)., one should be able to deduce an
identity of individual spectral distrubutions J(f) = Jr_(f). Here the relative trace
formulas were selected so that J(f) is essentially the central L-value one wants to
study and J_ is essentially the square of the relevant Bessel period, bringing us at
last back to the desired central-value formula.

To tackle the same problem, the first and second authors proposed another
relative trace formula, which was inspired by a suggestion to the first author by
Erez Lapid, and proved the fundamental lemma for the unit element of the Hecke
algebra in [6]. The third relative trace formula is also applicable to general 2 and
seems to possess several advantages over the second trace formula. In particular,
the necessary calculations for the fundamental lemma are considerably simpler.

Again, RTF¢, is taken as before, but for RTF¢ one subgroup is the unipo-
tent radical of the Borel subgroup, the other is essentially GL(2) x GL(2), and
one integrates against a nondegenerate character on the former subgroup and
an Eisenstein series on the latter subgroup. This trace formula is actually on
G(AFr) and not G(Ag) as in the second trace formula above. This corresponds
to using the integral representation for GSp(4) x GL(2) L-functions over F' for
L (s,w@Ig(Q)) = L(s,7g ® ) as opposed to the integral representation for
GSp(4) x GL(1) L-functions over E. We remark that, for this trace formula, the
geometric decomposition RTF¢(f) = > I,(f) involves both a Fourier expansion
and a double coset decomposition rather than just the usual straightforward dou-
ble coset decomposition. We refer to [6, Introduction] for the details of this third
conjectural relative trace formula and a discussion of its advantages over the second
trace formula proposed in [8].

In this paper we prove the extension of the fundamental lemma to the full
Hecke algebra for the first relative trace formula in [8] and the third relative trace
formula in [6]. As discussed above, this is an essential step towards our ultimate
objective of proving the central-value formula.

This paper is organized as follows. In Chapter 1, we introduce the necessary
notation and state the main results. In Chapter 2, we recall some basic facts on
Macdonald polynomials closely following [18]. Then we interpret the explicit for-
mulas in [4] and [3] for the Whittaker model and the Bessel model, respectively,
in terms of the Macdonald polynomials. We may reduce the relevant orbital inte-
gral for an element of the Hecke algebra to a finite linear combination of certain
degenerate orbital integrals for the unit element using Fourier inversion. Here the
linear coefficients appearing are explicitly given for elements of a certain basis of
the Hecke algebra. Thus by computing the degenerate orbital integrals for the unit
element, we may evaluate the two orbital integrals in the fundamental lemma ex-
plicitly for the full Hecke algebra. In Chapter 3, we compute the anisotropic Bessel
orbital integral. In Chapter 4, we compute the split Bessel orbital integral and the
Novodvorsky orbital integral. Then we prove the matching for the fundamental
lemma for the first trace formula by direct comparison. In Chapter 5, we com-
pute the Rankin-Selberg orbital integral and then we verify the matching for the
fundamental lemma for the third trace formula.
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The third author, Joseph A. Shalika passed away suddenly on September 18,
2010. The first and second authors would like to dedicate this paper to his memory,

as a modest addition to the great legacy of his fundamental contributions to the
modern theory of automorphic forms.

Masaaki Furusawa
Kimball Martin
Joseph A. Shalika



CHAPTER 1
Introduction

NOTATION

Let F be a non-archimedean local field whose residual characteristic is not equal
to two. Let O denote the ring of integers in F' and w be a prime element of F'. Let
¢ denote the cardinality of the residue field O/wO and |- | denote the normalized
absolute value on F, so that |&| = ¢~1. For a € F*, ord (a) denotes the order of
a. Hence we have |a| = ¢=°"4®) Let ¢ be an additive character of F' of order zero,
i.e. v is trivial on O but not on w~10O.

Let E denote either the unique unramified quadratic extension of F', in the
inert case, or F' @ F, in the split case. When FE is inert, we denote by Op the
ring of integers in E. Let k = kg p, i.e. Kk is the unique unramified quadratic
character of F'* in the inert case and k is the trivial character of F'* in the split
case. Let  be an unramified character of E* and let w = Q |px. Then we may
write ) = § o Ng,p where J is an unramified character of F'* and we have w = 52
When 2 is trivial, we take § to be trivial also.

For a ring A and a positive integer n, M,, (A) denotes the set of n-by-n matrices
with entries in A. For X € M,, (A), we denote by *X its transpose. Let Sym" (A)
denote the set of n by n symmetric matrices with entries in A.

In general, for an algebraic group G defined over F, we also write G for its
group of F-rational points.

Let G be GSp, (F), the group of four-by-four symplectic similitude matrices
over F i.e.

G={g9eGLs(F)|'gJg=X\(9)J A(g) € G (F)}, J= (—012 102)

Let Z denote the center of G.

Let K be the maximal conpact subgroup GSp, (O) of G. The Hecke algebra H
of GG is the space of compactly supported C-valued bi- K-invariant functions on G,
with the convolution product defined for fi, fo € H by

(fi* f2) () = /Gfl (»Tg_l) f2(g) dg

where dg is the Haar measure on G normalized so that / dg =1. Let = be the

characteristic function of K. Then = is the unit element olf<H with respect to the
convolution product.

Let W : GLg (F) — C denote the GLy (O)-fixed vector in the Whittaker model
of the unramified principal series representation 7 (1, k) of GLo (F') with respect to
the upper unipotent subgroup and the additive character v, which is normalized
so that W (1) = 1. Here we recall that for a,b € F'*, x € F and k € GLy (0), we

1



2 1. INTRODUCTION

have
(1.1) % <((1) “”1”) (‘g’ (b)) k) — b (—a) k()W <g ?)
and
la|z, when E is inert and ord (a) € 2 Z>o;
(1.2) w <g (1)> = {alz (1+ord(a)), when E splits and ord (a) € Zxo;
0, otherwise.

1.1. Orbital Integrals

1.1.1. Rankin-Selberg type orbital integral. Let B be the standard Borel
subgroup of G and B = AN be its Levi decomposition. Thus A is the group of
diagonal matrices in G and N consists of elements of G of the form

1 I 0 0 1 0 To I3
0 1 0 0 0 1 z23 =z

u (1, T2, 23,%4) = 0 0 10 0 0 13 04 , x;€F.
0 0 -z 1 0 0 O 1

By abuse of notation, let 1 denote the non-degenerate character of N defined by

Y [u(x1, 0,23, 24)] = ¢ (21 + 24) .

Let H denote the subgroup of GG consisting of elements of the form

ay 0 b1 0
. 0 as 0 bs _(a; b;
L (hl, hQ) = o 0 d 0 , where h; = (Ci dl> € GLo (F)
0 Co 0 d2

such that det h; = det hs.

DEFINITION 1.1. For s € F'*, a € F\{0,1} and f € H, we define the Rankin-
Selberg type orbital integral I (s, a; f) by

(1.3) I(s,a;f) = /H - /N /Z f (hil () zn) We.a (h)w(2) 9 (n) dzdndh

where

w1

Hy=ZH{, and

O = OO

N~
TN
< =
=)
N—
N~
<
m
B
—
3/—\
|
= O O
SO »w »w O

(1.4) Wea (t(hy,h2)) =61 (s (1 —a)det hy)
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1.1.2. Anisotropic Bessel orbital integral. Suppose that E is inert. Let
us take n € O such that E = F (n) and d = n? € F. Then for o = a + bn € E
where a,b € F', we define t,, € G by

= (19 (4 )

Let us denote by T® the anisotropic torus of G' defined by T® = {t, | o € EX}.
Let U be the unipotent radical of the upper Siegel parabolic subgroup of G,

namel
y o {2 ) resmin).

Let U be the opposite of U.

The upper anisotropic Bessel subgroup R(® of G is defined by R(® = T() [/,
Similarly the lower anisotropic Bessel subgroup R(® of G is defined by R(® =
T U. We define a character 7(%) of R(*) and a character £(*) of R(® by

oo (G () (3 )]s ofo (5 )]

and
(1.6)

a b —1
@ [((&2) 0 1, 0] _ . —d=t 0
(M () (8 n)] =earmee [ (75 1))
respectively.
DEFINITION 1.2. For w € E* such that Ng,p (u) # 1, p € F* and f € H, we
define the anisotropic Bessel orbital integral B (u, u; f) by

) B wpsn)= [ (A ) ) €900 ) dr i

where

14+a —b 0
1. A(a) _ ( bd 1—(1) _
( 8) (U7M) < 0 Mt(l};zal__ba) 1

for u = a + by with a,b € F.

REMARK 1.3. In [6], the anisotropic Bessel orbital integral B® was simply
called the Bessel orbital integral and was denoted by B.

1.1.3. Split Bessel orbital integral. Let 7(*) be the split torus of G defined

by
a 0 0 O
@ _J)|0o b oo «
T 00 b 0 a,be F
0 0 0 a

The upper split Bessel subgroup R®) of G is defined by RG) =T (f) U. Similarly
the lower split Bessel subgroup R®) of G is defined by R*) = T() . We define a
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character 7(%) of R(®) and £ of R(®) by

a 0 0 O
, 0b 00 1l X 0 1
(s) 2 - .
wo o |00 0 o) () (0 ) )]
00 0 a
and
a 0 0 O
s 0 b 0 0 15 0 0 1
(1.10) £ 00 b o (; 12) za(ab)-¢[tr(<l 0))/)},
0 0 0 a
respectively.

DEFINITION 1.4. For z € F\ {0,1}, p € F* and f € H, we define the split
Bessel orbital integral B) (x, u; f) by

(1.11) B (z,p; f) = /Z\R(S) /RM f (mus) (z, 1) r) €9 (7) 79 (7) dr dr
where

1x 0
(1.12) a9 = (U

REMARK 1.5. In [6], the split Bessel orbital integral B(*) was called the Novod-
vorsky orbital integral and was denoted by N.

1.1.4. Novodvorsky orbital integral. Suppose that F is inert and £ = 1.
Let 7(%) denote the character of R(*) defined by (1.9) with § = 1. We define a

character 6 of R(*) by
12 0 _ 0 1
(7 )| == (( o))

We recall that for x € F*, we have

(1.13) 0

o O O R
o O oo
oot O O
Q@ O O O

(1.14) K(x) = (—1)°rd@),

DEFINITION 1.6. For z € F'\ {0,1}, p € F* and f € H, we define the Novod-
vorsky orbital integral N (x, u; f) by

(L5 Nawh= [ - |1 (49 @) 00) 7 ) dras

1.2. Matching

The goal of this paper is to prove the following matching results.
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1.2.1. Matching for the first relative trace formula.

THEOREM 1.7. Suppose that E is inert and Q = 1. For x € F\{0,1}, p € F'*
and f € H, we have

116 N = {B(” (w1 ), when & = N (u) for u € B

0, when x ¢ Ng,p (EX).

This theorem was established in [8, Theorem 1.13] in the special case when
= Z, the unit element of H.

1.2.2. Matching for the third relative trace formula. For z € F'\ {0, 1},

w € F* and f € H, we define T (z, ; f) by
1—2z 1
T (i f)=1(s,a h = = .

THEOREM 1.8 (Matching when E/F is inert). For x € F'\{0,1}, p € F* and
f € H, the Rankin-Selberg type orbital integral I (x, p; f) vanishes unless ord (z) is
even.

When x = Ng,p (u) for u € E*, we have

(1.17) T f) =07 (5) [ 5] 59 ).

THEOREM 1.9 (Matching when E/F is split). For x € F\ {0,1}, p € F* and
f € H, we have

(1.18) (i f)=06" (;) )%

In the special case when f is the unit element of H, these theorems were
established in [6, Theorem 1 and 2].

F B (@, f) .







CHAPTER 2

Reduction Formulas

In this chapter, we prove the reduction formulas (2.47), (2.49), (2.51) and
(2.53), which express the orbital integrals for f € H as finite linear combinations of
degenerate orbital integrals for the unit element =. Also we compute the coefficients
in the linear combinations explicitly. Finally we paraphrase Theorems 1.7, 1.8 and
1.9 as Theorem 2.19, 2.20 and 2.21, respectively. We shall prove Theorem 2.19 in
Chapter 4, and, Theorems 2.20 and 2.21 in Chapter 5, respectively.

Here we remark that, in [7], the first and third author computed the Plancherel
measures and proved the Fourier inversion formulas for the Whittaker and Bessel
models by some direct computations based on the explicit formulas in [4] and [3]
respectively, inspired by the work of Ye [28, 29]. The obstacle to proceed further
was a lack of knowledge about the relationship between the Whittaker and Bessel
models such as (2.56), which was provided by the theory of Macdonald polynomials.
The relevance of the theory of Macdonald polynomials to the fundamental lemma
came to our attention through the works of Mao and Rallis [19, 20] and Offen [22,
23].

2.1. Macdonald Polynomials

In this section we recall some general facts concerning the Macdonald polyno-
mials, closely following the seminal paper of Macdonald [18].

2.1.1. Root system. Let V be a finite-dimensional vector space over R with
a positive-definite symmetric bilinear form (-,-). Let R be a root system in V,
which is irreducible but not necessarily reduced, and let R be its positive roots.
For a € R, let s, denote the reflection associated with «;, i.e.,
5 (V) =v—(v,a)a for veV

where oV = 2a/{a, @), the co-root of a. Let Wg be the Weyl group of R, i.e., the
group of orthogonal transformations of V' generated by the s, (o € R).
Let {a1,...,a,} be the set of simple roots determined by R™. Let

n n
Q=> Zu, Q+:{Zmiai€Q‘mi>0(l<i<n)}
i=1 i=1

be the root lattice of R, its positive octant, respectively.

The weight lattice P, the set of dominant integral weights P* and the set of
strictly dominant integral weights P+ are defined respectively by

P={XeV|(\aY)€eZforalla € R},
Pt={xeP|(\aY)>0foralla € R"},
Pt ={XeP|(N\aY)>0foralla € R"}.

7



8 2. REDUCTION FORMULAS

Let wy,...,w, € P be the fundamental weights given by the condition
<wi7 O‘;/> = 6ij

where d;; denotes the Kronecker delta. The set P* is an integral cone with vertex
0, the set P™* is an integral cone with vertex p = > " | w; and the mapping
Pt 3 X— XA+ pe PTT is a bijection.

We define a partial order on P by

A>p ifandonlyif A —peQt.
Let
R1:{OCER|04/2¢R}, RQZ{Q€R|QC¥¢R}.

When R is reduced, we have Ry = Ry = R. When R is not reduced, hence is of

type BC,,, Ry and Ry are reduced root system of types B,, and C,,, respectively.
Since P is the weight lattice of Ry, we have

1
p:§ Z «, where R;:RQOR"‘.
0¢6R2Jr

2.1.2. Orbit sums and the Weyl characters. Let us introduce parameters

to for a € Ry (resp. t;(/f for 2 € R\ Ry) such that t, = tz (resp. t;(/f = tég)

if (o, ) = (B, 8). Let Z [t] denote the ring of polynomials in the ¢, and téf with
integer coeflicients. We also set té/2 =1if 2a € V but 2a ¢ R. Hence we have

@

to = (tY*)2=1ifa € V\ R. Let Q(¢) be the quotient field of Z [¢], i.e., the field

of rational functions of the ¢, and téf with coefficients in Q. Let us write K for

Q(t). Let A be K[P], the group algebra of P over K. We use the exponential
notation, i.e., for each A\ € P, let e* denote the corresponding element of A. The
Weyl group Wg acts on A by w (e’\) = e for w € Wi and A € P. Let AWr
denote the subalgebra of Wg-invariant elements of A.

Since each Wg-orbit in P meets PT exactly once, the orbit sums

(2.1) my = Z e’, where Wg- A= {wA|we Wg},
HEWR-A

for A € P+ form a K-basis of A=,
There is another K-basis of A"% given by the Weyl characters. Let

dr = H (e“/2—6_0‘/2):ep H (1—e ).
a€RY Q€ERY

Then we have wdop = ¢ (w) - 0 for each w € Wg, where € (w) = £1 denotes the
signature of w. For each A € P, we define sy by

(2.2) sy =0p" Z e (w) e?O+e),
weEWR
Here we recall that if sy # 0, then there exists w € Wgr and u € PT such that
p+p=w+p)

and we have sy = € (w) - s,. On the other hand, when A € P*, in terms of the
orbit sums, we have
Sy =my + Z Ky, m,

pn<A
pept
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where K, is a non-negative integer. Hence the Weyl characters sy (A € PT) form
another K-basis of AWE,

2.1.3. Scalar product. We define the scalar product { , ): A x A4 — K by

(2.3) (f.9) = [f g4l

where

1
[Wr|

fz Zf)\e_)\ for fZZf,\BAG./‘L

AEP AEP
1 /2 ga
A=
1/2
aER 1- ta ea

and
(W], =ho for h=Y hye* €A
AEP

DEFINITION 2.1. For A € P*, we define the Macdonald polynomial Py € AW~
by

1— 2, e
@ w3 (e IR,

weWRr a€Rt 1—t
where
(2.5) Walt)= > tw,  Wi={weWg|wh=2A},
weWy
and
(2.6) tw= [[ ta R@)=R"n(-wR").
aeR(w)

Then Macdonald [18, §10] has shown the following.

THEOREM 2.2. The P\ (A € P%) is a unique K-basis of AW® satisfying the
following two conditions.

(1) Py is of the form

Py=m) + Za,\umu, CL,\MEK.

<A
;46PJr

(2) For A # p, we have (Py,P,) = 0.
It is also shown in [18, §10] that

(2.7) IPy)2 = (Py, Py) = Wy (£)
and
(2.8) Py =W, (t Z@X Sx—o(X)-

The summation in (2.8) is over all subsets X of RT satisfying the condition that

a€ X implies 2a¢ X



10 2. REDUCTION FORMULAS

and for such X we write
c(X)=> a
aeX
and
—ta/2ta if 2a ¢ R;

1/2

sOX(t)zl_[gooé(t), where %‘(t):{(lt )t if 2a € R.

aeX
Here we recall that ¢,/ = 1 when a/2 ¢ R.

REMARK 2.3. The scalar product above is interpreted as follows. Let RV be
the dual root system, i.e. RY = {a" | @ € R}, and let Q" be the root lattice of RY.
Then we may regard each e* (A € P) as a character of the torus 7' = V/QV by the
rule:

e (&) = exp (2mv/—1 (\,x)), where & € T denotes the image of z € V.

When K C C, we may regard each element of A as a continuous function on 7" by
linearity. Then for f,g € ANR[P] we have

1 _
(2.9) 1-9)= /T fgAdt,

where the integration is with respect to the Haar measure dt on T normalized so

that / dt =1 and g (&) = g (&), the complex conjugate of g (&).
T

2.2. Explicit Formulas and the Macdonald Polynomials
Let us return to our situation where G = GSpy (F').

2.2.1. Explicit formulas for the Bessel and Whittaker models. We
recall that B denotes the standard Borel subgroup of G and B = AN is its Levi
decomposition. Let Wg be the Weyl group of G with respect to A, i.e. Wg =
Ne (A) /A.

2.2.1.1. Bessel and Whittaker functions. Let A be the group of unramified char-
acters of A. Let Ay be the subgroup of A consisting of x € A such that X |lz=1.
For x € A, let I (x) = Indgx, i.e., I(x) is the space of locally constant functions
® : G — C which satisfy

‘b(ang)zég(a)l/Qx(a)CIJ(g) forae A,ne Nand g €G.

Here dp denotes the modulus function of B. The action m, of G on I (x) is given
by the right regular representation, i.e., (my (g) ®) (z) = ® (zg) for g,z € G. Let
¢y be the K-fixed element in I (x) with ¢, (1) = 1.

Suppose that y € A is regular, i.e. wy # x for w € Wg \ {1}, and x |z= w.
Then there exists a unique linear functional cha)(resp. H;ES)) : I (x) — C such that

H (1 (r) @) =7 (r) - H® (@) forr € R, & € I(y)

(resp. H)(CS) (my (1) @) = 7(5) (r) - His) (®) forre R®, del (X)),

and H" (o) = H (py) = 1. We recall that the characters 7(*) and 7(*) are
defined by (1.5) and (1.9) respectively. Then we define the anisotropic (resp. split)
Bessel function B{" (resp. B{”) on G by

B (9) = H{" (m(9)px)  (resp. BY (9) = HY (my (9) ox)).
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Similarly when x € A is regular, let Q, : I(x) — C be the unique linear
functional such that

Qy (my (n) @) = ¢ (n) 2 (@) forneN,®ecl(x),
and €, (¢y) = 1. We define the Whittaker function W, on G by

Wy (9) = Qy (my (9) x) -

2.2.1.2. Ezplicit formulas. Let us recall the explicit formulas for B;a) and B;S)
from [3], and the explicit formula for W, from [4].

Let A be X, (A), the group of co-characters of A, regarded as an algebraic
group over F. Then A ~ Z3 by identifying (A1, A2, \3) € Z3 with A € A defined by

Mt 0 0 0

A1
Ax) = A3 8 xo (1) 8 for x € F*.
0 0 0 g™

Let us denote A () by @ for A € A.
A double coset R gK is called 7(®)-relevant when

(@) (gkg_l) =1 forke KNng 'Ry,

Since B (rgk) = 7@ (r) B (g) for r € R@ and k € K, the function B is
supported on the 7(®)-relevant double cosets. Let

(2.10) A” ={x=(A,X2,0) €Z% | X\ = X2 2 0}.
Then as the representatives of the 7(%)-relevant double cosets, we may take
b =, where A€ A”.

The 7()-relevant double cosets are similarly defined and we may take

11 0 0
(s) _ A 101 0 O -~
by’ =mnw”, where n; = 00 1 0 and A € A
00 -1 1

as the representatives of the 7(¥)-relevant double cosets.

Similarly a double coset ZNgK is called v-relevant when (gkg_l) =1 for
k € KNg 'Ng. Then the Whittaker function W, is supported on the i-relevant
double cosets. As the representatives of the v-relevant double cosets, we may take

@, where A€ A™.

Let us introduce some more notation in order to describe the explicit formulas.
We define v, € A (1 <j <4)by
11=(1,-10), 7%2=(0,2,-1), m=m+72 "Mm=27+%
and dz,d4 € A by
52:(1a0a0)7 64:(07130)
We recall that the Weyl group W is isomorphic to the group of permutations of
{1,229, 3,24} preserving r1x3 = T224. Let us define x5 : G — C* by

(2.11) x5 (9) =0 (A(g)), where A(g) is the similitude of g.
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For x € A with y |z= w = 62, we define xo € A by xo = (x5 |z) " - x. Then we
have yo € Ag and I (x) = xs ® I (x0).

Then the explicit formulas for the Bessel functions in [3] and the one for the
Whittaker function in [4] in our case are given as follows.

THEOREM 2.4 (Explicit formulas). For A € A~, we have

B)((a) (b(;)) _ X (w*) 0B (wA)l/z Z y (Xo (w*)_l .o (Xo)) 7

QW (¢71) S
. s X (w") .5 (wA)l/z B S
0 (8) -2 3 e ).
W,y (wA) =Xs (wA) 0B (‘w>‘)1/2 Z w (Xo (‘w)‘)71 . C(X0)> )
weWg

Here
QW) =1+t, QW) =1-t,

@ (xo) = [ ——— [ (1= xo(=")a),

1giga LT X0 (@) 2o,
2

(o) = I . 11 (1_X0 (wsj)qfl/z) and

L= o (=) j=2,4

1<i<4

1
Cixo)= ] ———
1Ziea L X0 (@)

For convenience, we note that §p(w?) = ¢ 3722 ys5(z?) = 6(w+*2) and
Xo(@?) = 6(w H22) "2y ().

2.2.2. Relation to the Macdonald polynomials. We interpret the explicit
formulas in Theorem 2.4 in terms of the Macdonald polynomials.
As the real vector space V', we take

V=(A®zR)/R(0,0,1).
Let us denote the image of x € A ®z R in V by Z. Then we have
Y1 =02—04, Y2o=20s, Y3 =02+0s, Fu=205.

We shall identify V with R? by identifying 5, with ¢; = (1,0) and &4 with e; = (0, 1),
t

respectively. Let (-, -) be the inner product on V = R? defined by (z,y) = z’y.
Then

(2.12) R=R"U (—R+) ,  where R = {e; £ 2, €1, €2, 261, 262},

is a root system of type BCs in V' and

(213) Ry ={a€R|2a¢ R} =R U(—Ry), where R} = {2¢1, 2¢5, €1 £ €2},

is a root system of type Cs in V. As for the weight lattice P, the set of dominant
weights PT and the root lattice @, we have

P=Q=17% P"={A=(\,A)€Z |\ >X >0}.
We shall identify P* with A~ defined by (2.10).
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Let Py denote the Macdonald polynomial defined by (2.4), which corresponds
to the root system R given by (2.12). Let us set the parameters £ ) and ¢
for @ € R, corresponding to the Whittaker case, the anisotropic Bessel case and
the split Bessel case, respectively, as follows:

(2.14)
(W) _ () _ (s) _ : .
ta =ta =t =0 if € {£(e1 £e2)};
t =0, ¥ =1, ¢ = 1 if o € {£er, Te )

(SN2 =0, (52 = g2, (12 = —q7/% if a € {£2¢1, £26).
Here we note that by the Weyl denominator formula, we have
Py |i—pwr = 82,
where sy is the Weyl character given by (2.2). Let us define P)(\a) and P/SS) by
P = P\ |j_yw and PP = Py |y,

respectively.
For p € Ay, let Pf\a) (p) denote the value of PA(Q) evaluated at

et =p (w52) and e =p (w‘s‘*) .

We shall use similar notation for Pis) and sy. Then the explicit formulas in Theo-
rem 2.4 are rewritten as follows.

PROPOSITION 2.5. For A € PT, we have

AY . Nz (a)
u “ X5 (w?) - 0p (w Wi (t @
(215) B (bg>) _ (=) g((a) (q)l) » (1) - P{” (x0) .,
). N2 (s)
. s X5 (w?) -6 (w Wi (t s
(216) B (b&)) _ (=) g((s) (q)_l) (1) P (o), and
(2.17) Wy () = x5 (&) - 35 (=) % - 1 (x0).
where
ory (W) = (9) =1 hen 32 1
’ Wi (t(“)) =Q (q’l) and Wy (t(s)) =QV (q’l) when Ao = 0.

PRrOOF. Except for (2.18), this is clear from Theorem 2.4. Let us write down
the elements w; (1 < i < 8) of Wy in a way so that the action of each w; on P is
given respectively by

wy : (A1, A2) = (A1, Aa), wa : (A1, A2) — (A2, A1),

wg : (A1, A2) — (=A1, A2), wy 1 (A1, A2) — (=A2, A1),
ws : (A1, A2) — (A1, —A2), wg : (A1, A2) — (A2, —A1),
wr s (A1, A2) = (=21, = Aa), wg : (A1, A2) = (=A2, —A1)

Since t& = t§) = 0 for o € {(e1 + €2)}, in (2.6) we have

tgff): H t((f):() and tq(lf): H 75((;):07
a€R(w) a€R(w)
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unless w{e; +e2} = {€1 £ €3}, i.e., w = wy,ws. On the other hand we have

) =t e =gt )=t 60 =~

and tS,j? = tl(,fl) = 1. Since

{w1} if Ay > Ay > 0;

{wl,wg} if )\1 = )\2 > 0,

{whwg,} if A1 >)\2:0;

Wa if A1 =X =0,

for A = (A1, A2) € P, we see (2.5) yields (2.18). O

WA:{wEWG|w/\:)\}=

REMARK 2.6. Since the parameters are real in (2.14), we have P)(\a) € R[P].
Hence for p € Ay, the complex conjugate of P;\a) (p) is equal to Pf\a) (p). On the

other hand, since p = wr p and Pf\a) is Wg-invariant, we have P)(\a) (p) = P)(\a) (p).

)

It is similar for Pf\s and sy. Thus for p € 1210, we have

(219) PV () =P\" (p) €R, P\ (p) =P (p) €R, sx(p) =51 (p) ER.
Let us write down formula (2.8) explicitly for P’ and P{*).
LEMMA 2.7. For A = (A1, \2) € PT, we have

(2.20) Pk(a) =52 —q "S0n-200) 4 S0ure-2) T4 2 S(n—22.—2) if A1 > Aa,

(2.21) P\ = sy +¢"" SOu—tn—1) — € " Souni—2) @ 2 S0n—20-2) f A=A

in the anisotropic case, and

(2.22) PA(S) =sy+q " (S0a-220) + S0uae—2)) + q > S(A1—2,22—2)
- 2q_1/2 (S()\lfl,)\z) + 8(/\1)\2*1)) + 4q_1 S(A1—1,22—1)
—2¢3/? (S0n—200-1) + SOu—1,00-2)) i A1 > Ao,

(2.23) Py =sx+3¢7 s —10-1) + 0 S00-20-2)

—2¢7 /2 SOu—1) T4 Sur—2) — 2¢3/? S(—1a-2) f A1 = A2
in the split case. Here in (2.20), (2.21), (2.22) and (2.23), we set
(2.24) s, =0 if p¢ Pt

PROOF. Since t%¥ = ¥ = 0 for a = €; + e and ¥ = 1 for a = €1, €, We
have px (t) = 0 unless

¥ {Xi (1<i<4) in the anisotropic case;
X, (1<5<9) in the split case,
where
X1 =0, Xo ={261}, X3=1{2e}, X4 = {261,265},
Xs={ea}, Xe={e}, Xr={a,e}, Xs={2a,a}, Xo=/{e,2ea}.
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Then we have

©x, (t(a)> = px, (t(s)) =1, X, (t(a)> _—— (t(a)) - L
25 (t(S)) = px,; (t(s)) =q !, ©x, (t(a)) = vx, (t<s)) 3
©x; (t(s)) = ox, (t(s)) — 22 oy (t(3)> 4,

Pxg (t(5)> = ¥x, t(S)) _ 2q—3/2

S(A1—2,\2) if Ay —2 2> Ag;
Sx—o(X2) = § —S(a—1a-1) A=A >1;
0 otherwise,

since
A, A1) & We (p+PT)  if A — 1= Ag;
M=2,X)+p=qwa(p+ A — 1, A1 —1)) if Ay =X >1;
(0,1) ¢ Wg (p+ PT) if Ay =X =0,

where p = %ZQGR; a = (2,1). Similarly for A = (A1, A2) € PT, we have

S(ae—2) 1 Ao > 2 S(Ai—2x.-2) 1f Ag > 2
Sx—o(Xs) = § —S(\,0) A2 =05 Sas(xy) =19 —Sn-20 A =2,A=0;
0 otherwise, 0 otherwise,

S(i—1xg) A1 —12> Ag; S(ae—1) 1A > 15
Sa—0(Xs) = SA—o(Xe) =
’ 0 otherwise, ¢ 0 otherwise,

S = S(A1—1,22-1) if Ay > 1;
e 0 otherwise,

) sou—2ae-1 A =12 X 2> 1
SA—o(Xg) = .
0 otherwise,

S(A—1s—2) 1f Ao >2;
Sx—o(Xe) = § —S(n-1,00 A1 >1, A =0;

0 otherwise.

Thus the lemma follows. O

COROLLARY 2.8. Let A = (A, \2) € PT.

(1) We put m = [2522] and n = [22]. Here [z] denotes the greatest integer
less than or equal to x.
Then we have

(2.25) s =39 TP L o i A= A s odd,
i=0 j=0
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and
m—1 n ()
(2:26)  sx DT PR i e
=0 35=0
)\2 )\2 k
+q*mz —1)F gk Z q*lP:\l; b ko) W AL— Az is even.
(2) We have
A1—A2—1 Ao ()
—tJ S
(227) sx= > S (+DG+De T PY
=0 7=0
Qe Ae—k ©
_A1=2o Jy s
+ (M —A2+1)g 2 ZZ(Z+1) g P()\gk)\gkl)
k=0 1=0

PROOF. Let us consider the anisotropic case first. For A = (A, \2) € PT, we
define ty by
tx=50u) — 4 S(n—2.)-
We set ty =0 if A ¢ PT. Then we have

(2.28) Sx = Z a "t —2i00)-
=0

On the other hand, by (2.20) and (2.21) we have
; q_lt _ P)(\a)7 if Ay > Ao;
A~ A Aa—2) = a _ .
(o) P>(\ )—q Lson—1 1), i AL =g,
Hence
~ 0, if A\ > Ao
(2.29) =S q¢ipo _
Z (A1,A2—27) q 1 S()\lfl,)\lflﬁ if )\1 _ )\2.

Thus (2.25) holds when A; — A2 is odd. Suppose that A\; — Ay is even. Then we
have A1 — A2 = 2m and the equality (2.28) reads

m—1
sy = Z T "t —2i00) T4 S(0,0)-
i=0
By (2.29) we have
(2]
_ a)
SOu) T4 S0 1 = 2 a PR
j=0
Hence -
A2 k [ s ]
" -1
S(X2,X2) :Z Z q P(Ag ke —k—20)"
k=0

Thus (2.26) holds.
Let us consider the split case. For A = (A1, \2) € P, let

_1 _1 _1
UN = SN =G 2 S —1X)s UXTUXN—G 2UN 1)), WXTUN—G 2V r—1)



2.2. EXPLICIT FORMULAS AND THE MACDONALD POLYNOMIALS 17

and we set uy = vy = wy = 0 if A ¢ P*. Thus we have

A—Xe M=As [A—de—i
sy = Z 4 U, i) = Z Z ¢ V(A1 —i—j,A2)
i=0 i=0 j=0
A1—A2 M At i
=M —A+1)¢g T spua)t+ Z (i +1)q 2 v(a—in)
i=0

SINCe V(x,,np) = S(As,\0)- We may rewrite (2.22) and (2.23) as

e _%w - P)ES) if Ay > Ao;
r—d (A1,22-1) Pis) + g spu—1n-1) i AL = Ag.
Thus \
) .
) 0 if Ay > Ag;
wy = q P i + — i
; ()\1)\2 ) {q 1 3()\171,/\1*1) lf Al = )\2
and hence

(2.30) on=S (G+1)g¢gipPY - ,
j;) (/\1,)\2 J q 1 S(/\lfl,)\l—l) lf )\1 — )\2.

When A\; = Aq, the equality (2.30) reads

/\2 .
. _J 0 f A1 > Ao
i )Jr{ I A 2

A2
S(A2,2) — g’ S(Aa—1,M—1) = Z (G+1) qu P(()\) A2—j)"
§=0
Hence
X2 Aa—k ©
—k-L s
Suna) =D D WA D) ¢ ERY
k=0 1=0
Thus (2.27) holds. O

Let us express P/{a) as a linear combination of Pi,s), N = (N, \y) e PT.
For A = (A1, \2) € PT, let us define ||| by

(2.31) Al = AL+ Ao

COROLLARY 2.9. Let A = (A1, \) € PT.
(1) When A1 > A\a, we have

(2.32)
(@) _ pls) IMNI=UM o (s) IMU=UM (s)
P =P+ A; 20T Py X; 1 207 P
og)\ig)\;—l 0§1)\’2§2>\2—1
IVIZIAL 1 (s) IVIZINL 1 (s)
2 P 4 P .
AP DR R IR D DI Y
A2 <A <Ay A2 <A <A
Ay =2 0<A)<Aa
(2) When A1 = A\a, we have
9.33) pl@ — p(s) 0 2L p(s) g RAZIM o)
(2.33) Py A T Z q (M, )\,) /Z q (Mox)
=M N=A—1

0<A, <A —1 0<A, <A —1
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PROOF. Let us write

(2.34) P =%

NeprP+

IA =1 y
2 ay )\ P)(j)

We rewrite (2.27) as

(2.35) sy = Z Z O — M 1) (g — A 4 1) g2 P((;z "
A2 <A <A1 0<AL <Ay 1272
IVIZIAL (s
+ (M= A+1) Z Z N =X, +1) g 2 P(()\El’)\é).

<N, <Ap 0N, <A,

When A1 > A2. By substituting (2.35) into (2.20), we may compute ay y/ ex-
plicitly as follows. First it is clear that we have ay »» = 0 unless 0 < \] < A1 and
0 < A, < min{X, M }.

(1) When 0 < A < Ay — 2, we have
a)\N:()\/lf)\'erl)
A =X+ —(M =X -1 - =X+ + AN —X+1}=0.
(2) When \] =Xy — 1 or Ay and 0 < X\, < Ay — 2, we have
a)\)\/:{()\1—)\2+1)—()\1—)\2—1)}(/\/1—>\/2+1)
—{(M =AM FD) - =N D (A=A - 1)
2, N, =X —1;
:2 )\/7)\ 2: ) 1 9
=2 +2) {4, it A = Ay

(3) When \] =Xy — 1 or Ay and Ao — 1 < X, < )|, we have
CL)\)\/:{(/\17)\24’1)7()\17)\271)}()\/17)\,24*1)

:2()\, _)\, +1): 2, if)\/:(/\gfl,)\gfl) or (A27)\2);
b 4, if N = (Ao, Az — 1).
(4) When Ay < A} <A —2and 0 < A, < Ay — 2, we have

a>\>\/:{(/\1—)\’1—|—1)—()\1—/\’1—1)}()\2—/\’24—1)
—{(>\1—/\/1+1)—(/\1—)\/1—1)}(/\2—)\/2—1)24.
(5) When Ay < A} <A —2and Ay — 2 < M, < \g, we have
4 QN = Ay — 1
=M =N F D) =M = A =D =N+ 1) =<7 2 ’
axy ={(A = AT+ 1) = (A=A =D} (A2 = A5+ 1) {27 AL = .

6) When max {\ — 2, 2} < A <A and 0 < X, < Ay — 2, we have
( 1 2

4, i N =X — 1

=M =M FD{ e =N+ D) =D =X = 1) =
axy =AM =AM +D{(A2 = A+ 1) = (A=A — 1)} {27 it = AL
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(7) When max {A; — 2, A2} < A} < A1 and Ay — 2 < A, < Ao, we have

4, if ()\'1,)\/2) = ()\1 -1, — 1),
i (VL) = (A1 — 1, A9)
/:)\—>\/+1 )\_)\/+1: bl 1 1) 7\2 bl )
o= A =R D =00 e () = (e — 1
1, if (A1, Ag) = (A1, Ae)

Thus (2.32) holds.
When A1 = 2. Similarly we may compute ay xs explicitly by substituting (2.35)
into (2.21). It is clear that we have ay »» = 0 unless 0 < \] < A; and 0 < M) < A].

(1) When 0 < M) < A1 —2 and 0 < A\, < A}, we have
axy =N =X+1)(1+1-3+1)=0.
(2) When M| = A1 — 1 and 0 < N, < \; — 2, we have
axy =M1 =)+ A= Ay) —2(A\ = A, — 1) =2.
(3) When \j = Ay, = A1 — 1, we have
axy =1+1=2.
(4) When \] = A1 and 0 < N, < \; — 2, we have
axy =M1 = Ay+1)— (A=A, —1)=2.
(5) When \j = A1 and A, = A1 — 1, we have
axy = 2.
(6) When A\j = A\ and A, = A, we have
axy = 1.

Thus (2.33) holds. O

2.2.3. Inversion formulas.
2.2.3.1. Bessel case. Let B(%) (resp. B(®)) denote the space of C-valued func-
tions h on G satisfying the following two conditions:

(2.36) h(rgk) =79 (r)-h(g) forre R geGandkeK
(resp. h(rgk) =7 (r)-h(g) forreR®, geGandke K) ; and
(2.37) |h| is compactly supported on R“\G  (resp. R¥\G).

For p € Ay, we write p for (x5 |a) - p € A. We recall that xs is the character
of G defined by (2.11). Then for h € B (resp. h € B®)), we define its Fourier

transform h : Ay — C by

R (@ )
h(p) = /R (a)\Gh(g) B, (g)dg (resp. /R (S)\Gh(g) B (9)dg)

where the measure is normalized so that R\ R® K (resp. R(*)\R®)K) has unit
volume.
Then the following inversion formulas hold.
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PROPOSITION 2.10. For h € B(® | we have the inversion formula

(2.39) no) = [ o) BY (g) .

A
Here the Plancherel measure dv'® is given by

QW (") | dp
Wel  C@ (p) C (p)

A =

where dp is the Haar measure on Ag such that / dp=1.
Ao
Similarly for h € B, we have

(2.39) hg) = [ ho) BY (g) ),

A
where
QW (¢ ") dp
Wal  CE (p) C©) (p)

dv'®) =

PROOF. Since the proofs are identical, here we prove (2.38) only. As a basis
for B9, we take hy (A € P*) defined by

(2.40)

(@ (1) if g = rbE\a)k where 7 € R and k € K;
ha(g) = .
0 otherwise.

Then we have

ha (p) = dg | - B ().
»(e) </R<a>\1?,<a>b<;>1< g) P (’\>

Hence it is enough for us to show that, for A\, \' € P+, we have

—1
a a a o @ d if A=\

(2.41) /A B (o)) B (1) av'® = (/mw\ma)b(;m g)
’ 0 i\ £ N

By Theorem 2.2 and (2.7), the left hand side of (2.41) is equal to

X3 (wk’—A) -0p (w)‘,+)\)1/2 Wy (t(a)) Wy (t(“))

()

Q@ (g 1) v
5 AN LWy (@
2 (=) Al( ) A
= Q@ (g7
0 if A#£N.
On the other hand it is easily seen (e.g. [5, (3.5.3) Lemma]) that
-1 a —_1ye(A
(2.42) / dg = o (@) Q@ (¢
RO\ R@®b( K

for A = (A1, \2) € PT, where

1 if Ay > 0;
9.43 A) =
(243) e {0 if Ay = 0.
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Hence (2.41) follows from (2.18). O

2.2.3.2. Whittaker case. Let W,, denote the space of functions h : G — C
satisfying:
(2.44)  h(zngk) =w ()¢ (n)h(g) forze Z,ne N,ge G and k € K; and
(2.45)  |h| is compactly supported on ZN\G.

Then by an argument identical to the one in the Bessel case, we have the following
inversion formula.

PROPOSITION 2.11. For h € W,,, we have

(2.46) hig)= [ hip) W;(g) dv.

Ao

Here the Fourier transform h:Ay— Cis defined by

mm:/ h(9) W; (9) do
ZN\G

where the measure is normalized so that / dg = 1 and the Plancherel mea-
ZN\ZNK

sure dv is given by

1 dp

V= Wal T Oy

2.3. Reduction Formulas for the Orbital Integrals
We keep the notation of Section 2.2, so G = GSp(4).

2.3.1. Satake isomorphism. Let H(4) denote the Hecke algebra of A, i.e.
H) is the space of compactly supported C-valued bi-A (O)-invariant functions on
A, with the convolution product defined for hy, hy € HA) by

(hy x ho) (z) = /Ah1 (za™") ha (a) da

where the Haar measure da on A is normalized so that / da = 1. Then H is
A(0)
isomorphic to the group algebra C [A], where A is the group of co-characters of A,
by identifying A € A with the characteristic function e of the coset @A (O).
For f € H, its Satake transform Sf : A — C is defined by

Sf(a)=6p (a)l/z/Nf(an)dn

where the Haar measure dn on NN is normalized so that / dn=1. For p € A,
N(O)
we define w, : H — C by

o (5) = [ $1(@) pla)da
Here we note that

w, (f) = ZaAp(wA) when Sf:ZaAe)‘,

AEA AEA
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ie. Sf— w,(f) is evaluation at p.
The following theorem is fundamental.

THEOREM 2.12 (Satake isomorphism [25]). The Satake transform is an algebra
isomorphism from H onto the subalgebra C [A] We ofcC [A] consisting of the elements
invariant by the Weyl group Wg.

Let Gy = PGSp, (F') = G/Z and let Hy be the Hecke algebra of Go. Let Ag
denote the group of co-characters of Ay = A/Z. Then the natural homomorphism
A — Ag induces a surjective algebra homomorphism ¢ : H — Hy. The following
lemma is immediate from the definition of ¢.

LEMMA 2.13. For f € H and p € Ay, we have
wp (f) = wp (& (f))-
2.3.2. Reduction formulas.
PROPOSITION 2.14 (Reduction formula for the anisotropic Bessel orbital inte-
gral). For f € H, p € F*, and u € E* such that Ng,p (u) # 1, we have
(2.47) B (u, 1 f)

= Z 5p (w,\)—l (1 +q_1)e(>\) B (A, 1) / w, (¢ (f - Xa))Béa) (bf\a)> dp(@

AEPT Ao

where
(2.48) B (A, 1) = / / = (7A@ () r67) €9 (7) 7 (1) drdr.
Z\R@ JR(@
Before proving the proposition, we prove the following lemma.

LEMMA 2.15. For f € H, Let ‘Ilgca) : G — C be the Bessel transform of f defined
by

VW)= | flor)T@ (r)dr
R(a)

Then we have

vy (9) :/A wp (6 (f - xs)) BY (971) dv'®.

PROOF. Let us define hy : G — C by hy (9) = \Ilgc“) (971). Since hy € B@,

Vi (0) =y (a7) = [ (o) B (a7
0
by Proposition 2.10. Here

o= [ ) BT wde= [ 567 B (0)ds

//f (97 'k) B(“) dgdk—/f (/ BY (kg~ )dk)dg.

‘We note that
[ B bk =T = Ty o).
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where ', denotes the zonal spherical function on G associated to y € A. Hence

) =/ F(9) Ts(9) dg:/ F(9)xs(9)Tp (9) dg = wp (f - x5) -
G G
Since p € Ay, we have w, (f - x5) = w, (6 (f - xs)), and the lemma holds. O

PROOF OF PROPOSITION 2.14. We may write (1.7) as
B (u, p; f) =/ v (TA ) (u )E(“
Z\R(®)

)
L
Let us write hy = >, . py+ ax hy where hy is defined by (2.40). Then we have
(a)

ox =ty (87) = [ wnotrxa)) BE (57 v

0

by Lemma 2.15 and

B(a)u,uf ZaA/

AepPt

A (A ()T €9 ) dr
\R<a>

For r € R(“), we have
A () e K = 7 A (u,p) rbYY € K.
When this holds, for ' € R(®), we have
FA@ (4 ) 1 b € K s ' € RO A b K (5)1

Here we note that
~1
/ dr|  =op (@) (1+g) W
R nb{® K (5(0)-1
by (2.42). Thus we have
i (49 (00 )

=0p (w)‘)71 (1 Jrq71)6(>\) /R( ) (T‘A( )(u 1) rb( )> (@ (r) dr,

and the proposition holds. ([l

[1]

Similarly we have the following propositions.

PROPOSITION 2.16 (Reduction formula for the split Bessel orbital integral).
For f e H, z € F\{0,1}, and u € F*, we have

(249) B (2,1 f)
= z Sp (wA)*l (1 _ qfl)e(h) B) (X2, ) /AO w, (P (fx5)) B;(;) (bE\S)) duy(®)

AepP+

where

(2.50)  B® (N2, p) = /Z\R()/R()E A()(xu)rb(g))g()() ) (r) dr dr.
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PROPOSITION 2.17 (Reduction formula for the Rankin-Selberg type orbital
integral). For f € H, s € F* and a € F\ {0,1}, we have

(2.51) (s;a;f)= Y 6p(w I()\;s,a)/A wy (¢ (f - x5)) W (=) dv

AepP+

where
. — = —1-(s) A .
(2.52) I(A;s,a) /HO\H /N/Z (h ' znw ) Ws.o (h)w (2) 9 (n) dzdndh

PROPOSITION 2.18 (Reduction formula for the Novodvorsky orbital integral).
Suppose that E is inert and Q = 1. For f € H, x € F\{0,1}, and p € F*, we
have

(2.53) N (2,4 f)
_ Z on (wA)fl (1 _ qil)e(A)N(A;I,M) /ﬁ w, (¢ (f))BI(JS) (bE\S)> du(®)

AeP+ Ao

where
(2.54) N (Azp) = / / E(M@(x,u)rbgs>)9(f)7<8>(r) dr dF.
Z\R®) JR(

2.3.3. Paraphrasing the theorems.
2.3.3.1. The first fundamental lemma. Since {P/{a)} . forms a basis for Hy,
repP

it is enough to prove (1.16) for f € H such that ¢ (f) = PA(a). Hence we may
paraphrase Theorem 1.7 as follows.

THEOREM 2.19. Suppose that E is inert and Q = 1.

Forx € F\{0,1}, p € F* and X € P, the orbital integral N (\; z, 1) vanishes
unless ord(z) is even.

When © = Ng,p(u) for u € E*, we have

255)  (1+q )™ 65 (@) 2 BD (\u, p)
= Z (1 - q_l)e(X) qm axx 6p (wx’>*§ NNz, p).

NepP+t

We recall that ay s is defined by (2.34) and is explicitly computed in Corol-
lary 2.9. We shall prove Theorem 2.19 in Section 4.3.
2.3.3.2. The third fundamental lemma. For z € F\{0,1}, p € F* and A € PT,
we define Z (\; x, 1) by
11—z 1

a= .
1—2

T (Na,p)=1(\;s,a), wheres=—

)

For \, ' € P, let kg\a;, (resp. k/(\sx)\,) denote the generalized Kostka number
defined by

(2.56) = > K9P =3 k3P

NeP+ NeP+

We recall that kf\a))\, and k( ), are computed explicitly in Corollary 2.8. Since
{sx}rep+ is a basis for ’HO, it is enough to prove (1.17) and (1.18) for f € H
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such that ¢ (f - x5) = sx. Thus we may paraphrase Theorem 1.8 and Theorem 1.9
as follows, respectively.

THEOREM 2.20 (Matching when E/F is inert). Forx € F\{0,1}, u € F* and
A € PT, the orbital integral Z (\; z, ) vanishes unless ord (z) is even.
When © = Ng,p (u) for u € E*, we have

(2.57)

()
=0p (@) 7 xs (@) T(N2, ).

THEOREM 2.21 (Matching when E/F is split). Forxz € F\{0,1}, p € F* and
X € P, we have

(2.58)

()
=6p (@) * x5 (@) TNz, ).

We shall prove Theorem 2.20 in Section 5.2 and Theorem 2.21 in Section 5.3
respectively.

5 1
x )

112

S ER (g )Y o (=)

by (a) (y/.
. X6 (w ) B (N5 u, )

1
2

- 1

e > K (1 ffl)em op (wx)_% Xs (wx) B (N2, p)

NePt

_1
2






CHAPTER 3

Anisotropic Bessel Orbital Integral

In the first section we shall recall some facts concerning Gauss sums, Kloost-
erman sums, Salié sums and matrix argument Kloosterman sums. Then we prove
the functional equation (3.20) for the anisotropic Bessel orbital integral. In the sec-
ond section, we shall explicitly evaluate the degenerate anisotropic Bessel orbital
integral defined by (2.48).

Throughout this chapter, E denotes the unique unramified quadratic extension
of F and o denotes the unique non-trivial element of the Galois group of E over F.

3.1. Preliminaries

3.1.1. Gauss sum, Kloosterman sum and Salié sum. We refer to [8,
Chapter 2] for the proofs.

3.1.1.1. Gauss sum. Let 1)) be the additive character of F, = O/wO defined
by ) (z) = 1 (w~'z) where O 3 z — Z € O/wO denotes the natural homomor-
phism.

DEFINITION 3.1. We define a character sgn : F' — C* by
2
1 h FX)7;
sgn(x)z{ when x € (E;)
—1 whenz ¢ (FY)".

We also denote by sgn a character of O defined by sgn (z) = sgn (z) for z € Oj.
Then the Gauss sum & (sgn) attached to the character sgn is defined by

6 (sgn) = Y sen(y) - ¢ (y)

yeFy
and for a € F* with ord (a) = —n < 0, we define C (a) € C* by
Cla) = M% . 1_l when n %s even;
g 2sgn(w"a) & (sgn) when n is odd.

For a positive integer n, let us simply write C,, for C (w™").
Here we note that since ® (sgn)® = ¢ - sgn (—1), we have
mtn

(3.1) CnCn=q 2 sgn(—1)" form,n>0withm=n (mod 2).
PROPOSITION 3.2. For a,b € F, let G (a,b) be the Gaussian integral defined by

G(a,b) = /O ¢ (az® + 2bz) dx

where dx denotes the Haar measure on F normalized so that / dr = 1.
O
Then the following assertions hold.

27
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1 when |b| < 1;

0 when |b] > 1.

(2) When 1 < |a| < |b], we have G (a,b) = 0.

(3) When |a| > 1 and |a| > |b|, we have G (a,b) = C (a) - ¢ (—a~1b?).

(1) When |a| <1, we have G (a,b) =

3.1.1.2. Kloosterman sum and Sali¢ sum.

DEFINITION 3.3. For r,s € F*, we define the Kloosterman sum Kl (r,s) by

(3.2) Kl(r,s) = / ¢ (re+se7 ') de
Or
and the Salié sum S (r, s) by
(3.3) S(r,s) = / sgn (e) - ¢ (re + se™ ') de.
OX
Here de denotes the restriction of the normalized Haar measure on F. Note de
restricts to the multiplicative Haar measure on O* such that de=1—¢q7 1.
OX

It is clear from the definition that we have
Kl(r,s)=Kl(s,r), S(r,s)=S5(s,r)
and
Kl(re',s) =Kl (r,se"), S(re’,s)=sgn(e')-S(r,se’) fore € 0.

PROPOSITION 3.4. The Kloosterman sum Kl (r,s) and the Salié sum S (r,s)
are evaluated explicitly as follows, excluding the case of Kl (r,s) when |r| = |s| = q.
(1) Suppose that |r| > |s|.
(a) When |r| <1, we have Kl (r,s) =1—q~! and S (r,s) = 0.
(b) When |r| = q, we have Kl (r,s) = —q~! and S (r,s) = C (r).
(c) When |r| > ¢, we have Kl (r,s) =S (r,s) = 0.
(2) Suppose that |r| = |s|.
(a) When |r| = |s| <1, we have Kl (r,s) =1—¢q ! and S (r,s) = 0.
(b) When |r| = |s| = ¢ with n > 2, Kl (r, s) vanishes unless rs € (FX)2.
When rs € (FX)Q, we have

Kl(r,s)=C (Vrs)¥ (2y/rs) + C (=rs) ¢ (=2v/rs ) .

(¢) When |r| =|s| = ¢"™ withn > 1, S(r,s) vanishes unless rs € (FX)Q.
Suppose that rs € (FX)2.
(i) When n is even, we have

5008) =) {sem (Y22 v (2vm) s (- Y ) w (-2vm) }.

r

(ii) When n is odd, we have
S(r,s)=C(r){y (2vrs) + ¢ (-2vrs)}.

COROLLARY 3.5. Letr,s € F'*.
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(1) When |rs| < q, we have

1—q ' when max{|r|,|s|} < 1;
Kl(r,s)=q¢—q¢ '  when max{|r|,|s|} = ¢;
0 otherwise.
(2) When |rs| > ¢2, the Kloosterman sum Kl (r,s) vanishes unless |r| = |s|.

For our later use, we introduce the following definition.
DEFINITION 3.6. For z € F\ {0,1} and p € F*, we put
cx=w u,

m = ord (), n=—ord(p), e,=w"p.

Then we define Kl; = Kl; (x, u) for i = 1,2 by

20T ETE 2w T e e
Kl , péa i om = 42);
(34) Kl =Kl (z,p) = ( 1—2 1— o ) ifm=n (mod 2)
0 otherwise,
and
20 —2w e
Kl , p =0 d42).
(3.5) Kly = Klg (z, 1) = ( 1—x 1_2 ) itn (mod 2)
0 otherwise.

Here we note that

(3.6) Kly (z,p) = Klg (x, 1), if m=0andn <0,
since m = 0 and n < 0 is even implies
2w 2w
O
1—x 1—=z +

which, in turn, implies

-_n
2

2w 93—2’(3_7"6”
lCll(sr:,,u)—ICl<1_x, . )

DEFINITION 3.7. For an integer 4, we define Kl (x, ;) and Kls (x, ;1) by

. 2wy —2w 'y
(37) Kll (Z’,,U,,’L) =Kl (1 —(E’l—{[;)
and
o 2wt 2w i
(3.8) Klg(x,u,z)—lCl<1_x,1_x )

It is clear that we have

(3.9) Kly (x, p;8) = Kla (@, ux; i +m)

where m = ord (z).
The following proposition, which is an immediate consequence of Proposi-
tion 3.4, will be repeatedly used.
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PROPOSITION 3.8. Let x € O\ {0,1} and p € F*. We put
m=ord(z), m =ord(l—=x), n=—ord(u).
Then for an integer i, Kly (x, p;1) and Kla (x, p;1) are evaluated as follows.
(1) Suppose that m' = 0.

(a) We have
Ky Z’fnzmﬂ"?,m—nisevenandi:%;
. —¢ ' ifn<m+landi=-m—1, —n+1;
Kl (m,,LL;Z) = P .
1—¢ ' ifn<mand —m <i< —n;
0 otherwise.
(b) We have
Kl ifn>2,nis even and i = *;
1 <1 andi— —1. — .
]Clg({b”u,;i): q an_ ana 1 , —n+1;

1—¢ ' ifn<0and0<i< —n;

0 otherwise.

(2) Suppose that m’ > 1.
(a) We have

Kly if 2m' +n > 2, n is even and i = F;
—q ! if2m'+n<landi=m'—-1, —-m' —n+1;

Kl (@, ;i) = 1—g¢ ' if2om +n<0andm' <i<-m'—n;
0 otherwise.
(b) We have
Kiz if 2m' +n > 2, n is even and i = ;
Kly (z, pi) = —q ! if2m’ +n<landi=m'—1, —-m' —n+1;

1—¢ ' ifom’ +n<0and m' <i< —-m' —n;
0 otherwise.

3.1.2. Matrix argument Kloosterman sum. We define a matrix argument
Kloosterman sum as follows.

DEFINITION 3.9. For A € GLy (F) and S, T € Sym? (F), we define the matrix
argument Kloosterman sum Kl (A4;S,T) by

— {1l 0Y[(A O 1, X
3.10) KI(4;8,T :/ / :[(2 )( )( )}
( ) ( ) Sym?(F) JSym? (F) Y 12 0 tA 1 0 12

o {tr (SX +TY)} dX dY

where dX is the Haar measure on Sym? (F) normalized so that / dX =1.
Sym?(0)
Here, as before, = denotes the characteristic function of K = GSp, (O).

LEMMA 3.10. The matriz argument Kloosterman Kl (A; S, T) vanishes unless
A€ CLy (F)N M,y (O) and S, T € Sym? (O).
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PROOF. If A ¢ M, (O), the integrand of (3.10) is zero and Kl (A4; S, T) vanishes.

When Yy € Sym? (0), the function Z is left invariant by <11/2 10 ) . Hence we have
o L2

Kl (A;S,T):ICI(A;&T)-/ ( )w{tr(TYo)} dYyp.
Sym?(O

Thus KI(A;S,T) vanishes unless T € Sym?® (©). Similarly Kl (A;S,T) vanishes
unless S € Sym? (O). O

For A € GLy (F) N M, (0), we define the domain Sy C Sym?® (F) by
A 0
(3.11) SA:{YESme(FH <YA tA_1> €KU}.

PROPOSITION 3.11. Let A € GLy (F) N My (O) and S, T € Sym? (O).
(1) We have

(3.12) KI(A4;8,T) = [ o {tr(SXy +TY)} dY.
Sa

Here Xy € Sym? (F) is chosen so that ( 4 0 ) (12 XY) € K for

YA tA7Y/\0 1,
eachY € S4.
(2) Let C = kflAkQ_I, where ki, ky € GLy (O). Then we have
(3.13) KU(A;8,T) =KL (C; k3 ' Sky ' ki ' Tk

PROOF. It is clear that for Y € Sy, we have

A 0 1, X
{XGSme(FH (YA tA1> (02 12) EK}:XY+Sym2((’)).

The equality (3.12) follows from (3.10) since S € Sym? (O).
The equality (3.13) follows by changes of variables X + k; 'Stk;* and Y —
'Yk in (3.10). O

Here let us recall the following lemma [8, Lemma 4.9].

LEMMA 3.12. For g = (gi;) € G, we have g € KU if and only if the following
three conditions are satisfied:

(3.14) A(g) € OF, where A (g) denotes the similitude of g;

(3.15) maxi<;<4{[gi1|} <1, maxici<a{|gial} <15 and

(3.16) maxi<p<i<4 {|Ari|} =1, where Ay, = det (gkl gk2>.
o g gi2

By the theory of elementary divisors and (3.13), we may assume that A is
diagonal. When A is diagonal, the domain S4 is given explicitly as follows by
Lemma 3.12.

LEMMA 3.13. Let A = (a 0) such that |a| < [b] < 1.

0 b

(1) When |a| = |b| = 1, we have Sy = Sym? (O). ForY € Sa, we may take
Xy =0.
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(2) When |a| < |b| =1, we have

-1
SA{<“87" j>|re(9X,seo,teo}.

a"lr s —a1r=t 0
ForY( s § € Sa, we may take Xy = 0 Nk

(3) When |b] < 1, we have
Sa={Y eSym*(F) | YA€ GL,(0)}.
ForY € Sa, we may take Xy = —A7YYLA™1. The domain S4 is given

explicitly as follows.
(a) When |a| < |b| < 1, we have

a~tr bls
SA—{(b_IS b_1t>|7’€(9><,$€(9,t€(9x}.

(b) When |a|] = |b] < 1, we have

-1 -1
si={(520 V) Ireoseoieon-wscor).

COROLLARY 3.14. Let a,b € F* such that |a] < |b] < 1. Let S = (al a2)

az as

_ (b1 b2

and T = (b2 bs
(1) When |a| = |b| =1, we have

(3.17) Kl ((8 2) ;S,T) =1.

(2) When |a| < |b] =1, we have
0 _ L1
(3.18) ICZ(<8 b);S,T) = la|7" - Kl (—ara™ ", bra ™).

3.1.3. Functional equation. Here we prove the functional equation satisfied
by the anisotropic Bessel orbital integral B(®) (u, u; f) defined by (1.7). First we
remark the following.

) where a;,b; € O (1 <i < 3).

PROPOSITION 3.15. Suppose that u,v € E* satisfy Ng/p (u) = Ng/p (v) # 1.
Then for p € F* and f € H, we have

B (u, ps; ) = B (v, 15 f) .
ProOF. When v = a + by with a,b € F, let

_ 1 O / ’ a b
gv—12+<0 1>tv7 Wheretv—<bd 0l

a v 0
A( )(U’u) = (go /thg_l) .

Since Ng/p (u) = Ng/p (v), there exists ¢ € O such that v = uee™7. Hence

1 0 1 0
go=1la+ (0 _1) t_o ot =1ty (12 + (0 _1) t;) tL=t._1 gut.,

Then we have
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and thus

(3.19) AW (v, ) =ty A (u, p) t..

The rest is clear. O
The orbital integral B(®) (u, i) satisfies the following functional equation.

PROPOSITION 3.16. For u € E* such that Ng,p (u) #1, p € F* and f € H,
we have

(3.20) B@ (utpa s f) =6 (2) B (u, p; f)
where x = Ng,p (u).

PROOF. First we note that

1 0 0 0

a a —0o —1 O *1 0 0
Al ) (u,u) = Al ) (u , UT ) agt, where ag= 00 | 0
0o 0 0 -1

Since 7(®) (ao_lrao) = 7(@) (r)forr e R and ag € K, we have the proposition. [

Thus it is enough for us to evaluate B (\;u, ) when |u| < 1.

3.2. Evaluation

Let us evaluate the degenerate orbital integral B(®) (A, 1) explicitly.

3.2.1. Rewriting the integral. First we shall rewrite B(*) (\;u, ) in the
following form for our subsequent evaluation.

PROPOSITION 3.17. Let u € E* such that Ng/p (u) # 1. Let p € F* and let
n = —ord (u). Pute, =w"pn e OF. Let A= (A, A2) € PT.

(1) The orbital integral B® (\;u, u) vanishes unless
(3.21) n=MA+2X (mod2).
(2) When the condition (3.21) holds, we have

(3.22) B (\ju, p) = ¢ Mw ()™M / B* (A\juee =7, pu) d*e
o5

where nq = (n+ A — X2) /2, d*e is the Haar measure on O} normalized
such that OF, has volume 1, and

. —whitrzg 0 —d~' 0
(3.23) B* (A, p) =Kl <gvA>w; < 0 w’\l_’\2> yEu ( 0 1)) )

where we put
o1t A2 0
A/\#t = ( 0 w’ﬂl :

The orbital integral B* (A\;v, u) vanishes unless

(3.24) w" (1—v) €O and ny+ Ay >0.
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(3) When Ay =0, we have
(3.25) B* (X\u,p) = B* (Av, i) if Ngyp(u) = Ngjp (v)
and
(3.26) B (X, p) = ¢~ w (@)™ N B (Au, p).
PROOF. Since 7@ = ZTI((a) where Tf((a) =T N K, we may write (2.48) as

B (A u,p) = / / / / = (zﬁ A (u, ) tn w)‘) £ (n) 7Y (zn) dz dt dn dn.
vJzJr Ju

For t € TI((a)7 we have

= (zﬁ A (u, ) tn w>‘> == [ (t~"nt) (t_lA(a) (u, ) t) w (w_)‘nwk)] .

Thus by changes of variables 72 +— tnt~! and n — w*nw ™, we have

(3.27) B (\u, ) = ¢~ ///T()/ i (1714 () ) =)

€9 () w(z) 7@ (wknw ) dz dt dn dn.

By considering the similitude, the integrand of (3.27) is zero unless z%uco*1t22
belongs to O*. Thus B (\;u, 1) vanishes unless n = Ay + Ay (mod 2).
When n = A1 + A2 (mod 2), we may write (3.27) as

328 B9 (i) =M@ [ S
()

= [w”l M (t_lA(“) (u, 1) t) } €@ (p) 7@ (w*nw™?) dtdndn.

—1
After the change of variable 7 +— (102 6“(_)12 ) n (12 0 ) , we note (3.22) follows

0 gu-12
from (3.19).
Let v = a 4 by, where a,b € F. Then by Lemma 3.10, the integral B* (A; v, i)
vanishes unless

w2 (14 a) w™b
gvA)\,;t = ( _ A2 gp @™ (1— a) € M (0),

w2 (140) € O and @™ (1-v) € Op.

i.e.,

Since
2™ TA = gitre (1 ) 42 ™ (1 —v),
the integral B* (A; v, 1) vanishes unless the condition (3.24) holds.
When )Xy = 0, by changes of variables i +— t~1it and n +— t~nt in (3.28), we
have

B (Xu,p) = ¢ Mw (w / / o *n AW (u, p) @ n}
€9 (7) 7 (wrnw ™) dndn,
since t € Tl(g) commutes with @?. Hence (3.26) and (3.25) hold. O

We now evaluate the orbital integral B* (A\;v, u).
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PROPOSITION 3.18. Let v € E* N Op such that Ng,p (v) # 1. We put m’ =
ord (1 = Ng,p (v)). Let p € F* and let n = —ord (u). We put €, = @w"p. Let
A= (A, X2) € PP\ {(0,0)}. Suppose that n = A\; + Ao (mod 2), ny + A > 0
and w™ (1 —v) € O, where n1 = (n+ A1 — A2) /2. Take an elementary divisor

decomposition g,Ax, = ki Cka such that ki,ks € GLy (O) and C = <g g)
where ord () > ord (8) > 0. We put

_ggMitAeg 0
_ (a1 a2\ _ ¢;-1 w -1
(3~29) S = <a2 a3> = kz ( 0 wAl—Az) kz )

(b1 b2\ Y A P
(3.30) T<b2 b3>5uk1 ( R

Then the orbital integral B* (A;v, ) is evaluated explicitly as follows.
(1) When ord (o) = ord (8) = 0, we have

(3.31) B* (A\v,pu) = 1.
2) en ord («) > or ) =0, we have
(2) Wh d (@) d(g h
|oz\ L lCl —aja bloz_l) if ord (aq) = 0;
(3.32) B* (A\;v, ) if ord (a1) > 0, ord («) = 1;
otherwise.

(3) When ord () > ord () > 0, the orbital integral B* (A; v, ) vanishes un-
less ord (ﬁ) = 1 and ord (a1) =0.
When ord (8) =1 and ord (a1) = 0, we have

(3.33)
— -1 _ -1 -1 . )
B* (X;v,p) = gla|™t Kl (=107, bra”") if ord (az) > 0;
T glalt KL (a7t —amt (asby + 2asbsa57Y)) if ord (as) = 0.
(4) When ord (a) = ord (8) > 0 and ord (a1) > 0, we have
—¢? - Kl (a1, —azbsaB~2) if ord (o) =
(334) B* (A,U,/J/) — { q K (OZ , —as 301/8 ) Zf or (05)
0 otherwise.

REMARK 3.19. As we shall see in the proof of Corollary 3.20, we may assume
that ord (a1) > 0 whenever ord () = ord (3) > 0 without loss of generality.

PROOF. By (3.13) and (3.23), we have
B* (\v,pu) =KIU(C; S, T) .
Here we note that in (3.30) we have
ord (by) = ord (b3) =0

since b3 — bibs = €7, (det k; )% d~! is not a square in O%.
In the first case (3.31) is nothing but (3.17).
In the second case, we have

B* (\o, ) = |a| ™ - Kl (—aloz_l,bloz_l)
by (3.18). Then (3.32) follows from Proposition 3.4.
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Let us consider the third case. When ord () > ord (3) > 0, we have

_ -1 —1._ -1
@35 8 s =l [ [ o (SRR

P (bloflr + 20,57 s + bgﬂflt) drdsdt

by Lemma 3.13. By a change of variable r — (r + aﬂ*ISQ) t~!in (3.35), we have

B* (Av,p) = |af? /Ox /o/ox

Y (B st + 20287 s+ by BT —az BT
P {bla_lrt_l —a ! (a1 —2a003 st + agazﬁ_QSQt_Q) r_lt} drdsdt.

Then by changes of variables r — rt and s — st, we have

(3.36) B* (\;v, p) = |aﬁ2\—1/ Kl(Ay, As) - Kl (By, Bs) ds
o
where
A1 = 671 (b182 + 2b28 + b3) s Bl = blofl,
Ay = —asft, By=—a7! (a1 —2aa8 ts + agazﬁ_zsz) .
Suppose that ord (a;) > 0. Then we have ord (B;) = —ord(a) < —2 and

ord (Bg) > —ord («). Hence Kl (By, B2) = 0 by Proposition 3.4.
Suppose that ord (a1) = 0 and ord (a3) > 0. Then we also have ord (az) > 0
since

(3.37) a2 — ajas = @M d (detky) >, where A; > 0.

For s € O, we have

bys? + 2bos -+ by — et (T4 O e (5 ¢ o
18° + 2098 + 3—6‘“(5,)1 0 1 1 1 S .

Hence Kl (A1, A2) vanishes unless ord (8) = 1. When ord () = 1, we have
B* (Ao, p) = —qlal ™t Kl (—a1a™ " b t)

since By + a~ta; € O.
Suppose that ord (a1) = ord (az) = 0. Then we also have ord (a2) = 0 by (3.37).
We rewrite (3.36) as

3.38) B* (\v,p) = a2
338 B (v =los? [
(0 {b3/371t —aja”trt a7t (blrt - agaﬂfl) til}
(/ Y{B 7 (birt — azaB) s + 287 r ! (bart + a2) s} ds) dr dt.
o

By applying Proposition 3.2 to the inner integral of (3.38), we have

1. — 2
B* (}\;U’M):|aﬂ2‘—lc(ﬁ—lbl)‘/o /O ¢{—5 1’]" l(bQTt+a2) }

birt — azaf~!

sgn (t)ord(ﬁ) Y {bsB 't —arar T a7t (birt —azaBTt) t} drdt.
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The change of variable ¢ +— r~1t gives

B~ 1p=1p 2
B (o) =la? 0 (57) [ /Ow{ et }

sgn (rt)ord(ﬁ) ) {(bgﬂflt - alofl) r oty (blt - agaﬂfl) til} dr dt.

Another change of variable r +— r (blt — a;;aﬁ_l) ! yields

B (o) =las? 0 (57 [
OX OX
P {oflrtfl —a ! (a1b1 + 2asbsa371 + 012572a3b3) rflt}
sgn (r)ord(ﬁ) Y{B7" (bibs — b3) r't* + 87" (aras — a3) r~'} drdt.

By one more change of variable t +— rt, we have
(3:39) B Qo) =l C(57) [
P {oflf1 —a ! (a1b1 +02a2b2aﬂ*1 + Otzﬂizagbg) t}
(/@x sgn (1) g {371 (bibg — 83) 21 + B (araz — a3) r 1) dr) dt.

By Proposition 3.4, the inner integral of (3.39) vanishes unless ord (8) = 1. When
ord () = 1, we have
(3.40) B* (Ajv,p) = —qlal ™t Kl (a7, —a™" (a1b1 + 2a2b2087"))

since ord (a~2) = ord (@) — 2 > 0. Thus we have shown (3.33).
Let us consider the fourth case, i.e., when ord (a) = ord (8) > 0 and ord (a1) >
0. By Lemma 3.13, we have B* (A\;v, u) = B + B3 where

— 1t 4+ 20587 1s —azBr
41 = a3 ae 2 3
aan m— [ [ [ (et

Y (bloflr + 20,87 s + bgﬂflt) drdsdt

and

(3.42) B = |a|_3/

{reO0*,sc0,teO|rt—af~1s2€0x}

" —a1a M + 20987 s — asBr
rt — af~1s2

Let us compute Bf. In the integrand of (3.41), we note that

+ b e+ 20,87 s + bgﬂlt) dr ds dt.

—aro ! (t+awla) + 20067 s —azBTr —aja Tt + 20067 s —azf
r(t+awlz) — af~1s? B rt —af~1s?
af lolx (a152 — 2a987 + a3r2)
- {r(t+aw=tz) —af~1s?} (rt — af~1s2)
for € O, since ord (a1) > 0. Thus by substituting ¢ by ¢ + aw 'z in (3.41) and
integrating over x € O, we have

B =Bj - / ¥ (b aw ' 2) do = 0.
o

€O
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As for B3, by a change of variable t — 7=t in (3.42), we have
By =lal® [
{re0x,s€0,tcO|t—af~1s2€O0%}

" —aro Tt 4 20587 s — as S
t—aB1s2

+ b10&71’/‘ + 2b26713 + bgﬂl’/’lt>
drdsdt.

By another change of variable ¢ +— t + afB~1s?, we have
B = |a|73/ / Y (—ara T —agBT et T o r + by 8T
ox Jox

(/ V{B Tt (bsaB Tt —ar) s+ 2871 (an + bot) s} ds> dr dt.
o
Applying Proposition 3.2 to the inner integral yields
—B71rt (ag + bat)?
B = -3 C (b -2 / / ord(a) 6 T
5=l 0 (e ) [ [ s ) T
v{at(bsaBt—ar)r a7t (it —azaB” ) rt '} drdt.

Then the change of variable r — r (bgaﬁ_lt - al) gives

B =lolC(57) |
sgn (r)ord(a) ) {0711"71 —a by (a1b1 + 2asbsa371 + agbgazﬁfz)}

</ sgn (£)°74) {B7'rt (bibs — b3) + B 'rt ™" (aras — a3) } dt) dr.
Ox

We use one last change of variable ¢ — rt to get

3.43) By=lac (™) [

P {a_lr_l —a”lr (a1b1 + 2a2b2a,3_1 + a3b3a26_2)}

(/ sgn (£)°" ) 4 {B71rt (b1bs — b3) + 87t 7" (aras — a3) } dt) dr.
Ox
By Propostion 3.4, the inner integral of (3.43) vanishes unless ord () = 1. When
ord () = 1, we have

By = —¢*- Kl (oz_l7 —a3b3066_2)

since we also have ord (az) > 0 by ord (a1a3 - a%) = 2X1 > 0. Thus we have
(3.34). O

COROLLARY 3.20. Let v € E* NOg such that Ng,p (v) # 1. We write
v=a-+0bn where a,beO.

Letm/ = ord (1 = Ng/p (v)). Let p € F* and let n = —ord (u). We put e, = @w"p.
Let A = (M, \2) € PT\ {(0,0)}. Suppose that

n=MA+Xd (mod2), ni+X>0 and @™ (1-v)e€ O
where ny = (n+ A1 — A2) /2.
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(1) When m’ =0, we have

1 whenn < -1 and A = (—n,0);

—1 whenn <0 and A= (1 —n,1);
when n <1 and A = (2 —n,0);

0 otherwise.

(3.44) B* (A v, p) =

(2) Whenm/ >0,v=a€ F*, ord(1 —a) =0 and A2 = 0, we have

0 otherwise.
(3) Whenm' >0, ord (1 —a) =0, and Ay > 0, the orbital integral B* (\;v, p)
vanishes.
(4) When m' > 0, ord (1 —a) > 0, ord (b) < min{As,m'}, and A > 0, the
orbital integral B* (A;v, 1) vanishes.
(5) Suppose that m' >0, ord (1 —a) > 0, and m’ > ord (b) > Ay >
(a) Whenn is even, —2m' +2<n < =2, and A = ( =, 7"), we have

(3.46) B* (v, p) =™ - Kly (Ngyp (v) 1) -
(b) Whenn < —=2m’+1 and A= (1—m' —n,m' — 1), we have
B* (A v, p) =—1.

n 2—n

(c) When n is even, —2m’ +4 <n <0, and X = (252, 35™), we have

(3.47) B* (\v,p) = gV tETL Kl (Ng/r (v), 1)

(d) Otherwise the orbital integral B* (\;v, p) vanishes.
(6) Suppose that m’ > 0, ord (1 — a) > 0, and min {Ag,ord (b)} > m’.
(a) Whenn < —=2m’' and A = (—m' —n,m’), we have

B* (Ao, pu) = 1.
(b) Whenn < —=2m' and A= (1—m' —n,m' + 1), we have
B* (A v, p) =—1.
(¢c) Whenn < —=2m'+2 and A= (2—m' —n,m’), we have
(3.48) B* (Ajv,p) = —¢* - Klo (Ng/p (v), ym’ — 1)
(d) Otherwise the orbital integral B* (\;v, p) vanishes.
(7) Suppose that m' > 0, ord (1 — a) > 0, and ord (b) > m’ > Ay > 0.

-_n

(a) Whenn is even, —2m’ +2 <n < =2, and A = (52, 5*), we have

(3.49) B* (A\o,p) = q™ 5 Ky (Ng/r (v), 1)
(b) Whenn < —=2m'+1 and A= (1—m' —n,m' — 1), we have
B* (A v, pu) = —1.

n 2—n

(c) When n is even, —2m' +4 <n <0, and A = (T,T), we have

(3.50) B (\o, ) = —¢" L Kly (N (v), p1) -
(d) Otherwise the orbital integral B* (\;v, p) vanishes.
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PROOF. By Proposition 3.18, the orbital integral B* (\;v, u) vanishes except
for the following five cases:
3.51) when ord () = ord (8) = 0;

) (o) > ord (8) = 0 and ord (a;1) = 0;

) when ord (o) =1 > ord (8) =0, and ord (a1) > 0;
3.54) when ord (a)) > ord (8) = 1 and ord (a1) = 0; and

) when ord (o) = ord (8) = 1 and ord (a;) > 0.

when ord («

Suppose that m’ = 0. Then we may take k1 = g, ko = 1g,

o w"“')‘? 0 D PR VS —w”?d 0
C—( 0 w"l)’ S=w 0 1 , and

T 1 (5# d"'Ng/p(1—v) —eutrg/p (7711))> .
(1-Ngyp(v)* \ —Eutre/r (n'v)  euNgp(l+0)

Then ord (o) = n1 + A2 > ord (8) = ny and ord (a1) = A\ + Ay > 0. Thus we have
(3.44).

Suppose that m’ >0, v =a € F*, ord (1 — a) =0, and Ay = 0. Then we may
take k‘l = ]{)2 = 12,

n [1+a 0 N [(—d O —d=! 0
— 1 — 1 —
C=w ( 0 1—a)’ S=w (0 1>,and T—5u< 0 1).

Then ord (o) = ny +m' > ord () = n; and ord (a;) = A; > 0. Thus we have
(3.45).
Suppose that m’ > 0, ord (1 — a) =0, and A2 > 0. Then we may take

1 b 1 0
kl(o 1?), kz(gﬂfzdb 1)’

oo <w>‘1 (1-Nge(v)) 0 )

1—a 0 (1—a)2
— w>\17>\2 —wz)‘szE/F (]_ _U) w/\gdb(l _a) :
S = (l_a)2 < w)\2db(1—a) (1_a)2 >7 and
. Eu —d*lNE/F (1—v) —=b(l—a)
T_(l_a)2 < —b(l—a) (1_(1)2)'

Then ord (o) =ny +m' + A1 > ny +2 > ord (a) = ny and ord (a1) = A\ + Ay > 0.
Hence B* (A\;v, 1) vanishes.
Before moving on to the remaining four cases, we observe the following lemma.

LEMMA 3.21. Suppose that m’ > 0 and ord (1 —a) > 0.

(1) When ord (b) < m/, we have 0 < ord (b) < ord (1 — a).
(2) When ord (b) > m/, we have ord (1 —a) = ord (1 —v) =m’.

Proor or LEMMA 3.21. Since
(3.56) 1—Ng/p(v) = (1+a)(1-a)+db*
we have ord (b) > 0. We also note that 1 +a=2— (1 —a) € O*.
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Suppose that ord (1 —a) < ord(b) < m’. Then by (3.56), we have m' =
ord (1 — a). This is a contradiction and hence we have ord (b) < ord (1 — a) when
ord (b) < m/.

Suppose that ord (b) > m/. Then (3.56) implies that m’ = ord (1 — a). Since
1—v=(1-a)—bn,itis clear that ord (1 —v) > ord (1 — a). On the other hand,
we have ord (1 —v) < ord (1 —a) since 2(1 —a) = trg/p (1 —v). O

Suppose that m' > 0, ord(1 —a) > 0, ord (b) < min{Ale,m'}, and Ao > 0.
Then we may take

0 1 1 0
k = —a ) k = W™ a ’
1 (1 1T 2 ( Ag (bl+ ) 1)

oo @ (= (1-Ng/r(v) 0
b O b2 b)
@M (@2 Np p(14+0) —w@*2 (1+a)b
S = b2 ( o2 (1 + a) b b2 > , and
db? (1—a)b -2 )

Then ord (o) = ny + Ao +m’ —ord (b) > ny + ord (b) + 2 > ord (o) = ny + ord (b)
and ord (a1) = A1 + Ay — 2ord (b) > 2. Hence B* (\; v, u) vanishes.
Suppose that m’ > 0, ord (1 —a) > 0, and m' > ord (b) > A2 > 0. Then we

may take
0 1 0 1
kl = (1 —bd) ) k2 = 1 o 2p |y
Y T+a

C— omitA2 (1—1\15/\/;(0) 0 >

1+a 0 (1+a)®
g — ’CU)\1—/\2 (NE/F (1—|—’U) w>\2 (1—|—a)bd )7 and

m w2 (1+a)bd oA (1+a)2d
__ e (dNgp(l+v) —(1+a)bd
T_(1+a)2d<—(1+a)bd —(1+a)2)'

Then ord (o) = ny +m’ > ord (8) = n1 + A2 and ord (a1) = A1 — A2. In case (a),
by Proposition 3.18, we have

B (N, p) = q™ % Kl ( —w 2 Ng/p(1+v) @ 2e,Np/p(1+0) )

(1+a)(1=Ng/p(v) (1+a)(1—Ng/p(v))

Since

NE

’[Efg NE/F (1+”U) 2@7% o~

(1+a)(1-Ng/r(v)) 1-Ngr(v) 1+a

€0,

we have (3.46). The rest is clear.
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Suppose that m’ > 0, ord (1 —a) > 0, and min{\g,ord (b)} > m’. Then we

may take
I ()]
klz (db ! NlE—/j( )>a k2:12a

1+a 1-Ng/p(v)

C == w’ﬂl <w>\2 (1 + a) 0 )

0 1—Ng/p(v)
A —)\ —w2>‘2d 0
S:w1_2< 0 1>,and
—(1+a)?> Ng,p(1-v) —2(14a)b
— d(1-Ng, p(v))° 1-Ng/p(v)
T'=eu (72({24/:1)b) N (1+v)
1-Ng,/r(v) E/F v

Then ord (@) = n1 + A2 > ord (8) = n1 + m and ord (a1) = A1 + A2 > 0. In the
case (c), by Proposition 3.18, we have

1-n LN 1
B*()\;U,[L):*QQ"CZ (wl,w € E/F( tv)>
(1-Ng/r(v))

Since =™ (1 —Ng/p (v)) € 0%, we have

m’—1

1-m'—n N 1
B*(A;U,M):—QQ.ICZ< “ z euNeyr { +U>>.

1—=Ng/p(v)’ 1—Ng/r(v)
Since Ng/p (1 +v) = (1 + a)® —db? =22 (mod wO®) and 1 —m/ —n >m/ — 1, we
have (3.48). The rest is clear.
Suppose that m’ > 0, ord (1 —a) > 0, and ord (b) > m’ > A2 > 0. Then we

may take
b
TN, 70 | 0 1
klz (1 NlEi/aF() db)ak2_(1 O>a
1-Ng,r(v) 1+a

n 1— NE/F (U) 0
_ 1
C=w < 0 w2 (1+a))’
S = w)‘l_/\z (é —ng2d> 9 and
—2(14a)b
NE/F (1 + ’U) #/sz)
T = Ep —2(14a)b 7(1+a)2 Ng,r(1-v)
I-Ng/r(v) d(1-Ng/r(v))”

Then ord (o) = ny +m’ > ord (8) = n1 + A2 and ord (a1) = A1 — A2. By Proposi-
tion 3.18, we have

Iin _w—% w_%s NE/F(1+U)
B* )\QU»N :qm+2"€l ) i )
( ) 1—Ng/r(v) 1 —Ng/p(v)

in the case (a), and

Iin —T 3 w_%s NE/F (1+’U)
B* A;UJM :_qnl+2+1"€l ) L )
( ) 1 —Ng/r (v) 1—Ng/p(v)
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in the case (c), respectively. Here we have 1+ v = (1+a)+bn =2 (mod @™ Of)
by Lemma 3.21. Thus we have (3.49) and (3.50). The rest is clear. O

Finally let us evaluate B(® (\;u, p).

PROPOSITION 3.22. Let u € EX N Og such that Ng/p (u) # 1. We put x =
Ng/p (u). Let m’ = ord (1 — ). Let p € F* and let n = —ord (p).

Then for A = (A1, A2) € PT\ {(0,0)}, the integral B® (\;u, ) is evaluated as
follows.

(1) When m’ =0, we have

¢énw (w)" ifn < —1and A = (—n,0);
_q3n—3w (w)n71 an <0 and A\ = (1 -n, 1)7
0w () ifn<1and A= (2-n,0);

0 otherwise.

(3.57) B (X u, p) =

(2) Suppose that m' > 0.
(a) Whenn > —2m’ + 2, we have

(3.58) B (A\;u, p)

7qm'+%73w (w>n—1

-Kly ifn <0, n is even, A = (ﬂ,ﬂ);

L+q7! 2 2
_ m' 422 n
ql—&-—w*(?)'ICZQ ifn < =2, nis even, A = (S, F);
q
0 otherwise.

(b) When n=—2m'+ 1, we have

—q 3w (w)_1 ifm' =1, A= (1,0);
o —4m/+1 1—2m’
S iz a1
(3.59) B@uwww:q4wﬁwéym/
1+q " if A= (m'+1,m');
0 otherwise.

(¢) When n < —2m/, we have

(3.60)
2m’+3n n
o eE) A= (o’ — )
P (@) if m' =1, A = (=n,0);
_2m’4+3n—2 n
g _(f(w) ifm >2, A=(-m'—n+1,m —1);
B (Nu,p) = 144
el _q2m +3n-3 (w)"—l _
g0 ifx=(—m'—n+1,m +1)
2m’4+3n—5 n—1
4 1+;(1w) ifAx=2—-m'—n,m');
0 otherwise.
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PROOF. When m’ > 0, we may assume that v = ag € O* with ord (1 — ag) =
0 and ord (1 + ag) = m/, since B (\ju,p) = B (Ao, 1) when Np/p (u) =
Ng/p (u).

Here we observe the following lemma.

LEMMA 3.23. Let ag € O* such that ord (1 — ag) = 0 and ord (1 + ag) > 0. Let
e =a.+bn € OF withaz,b. € O. Letv =agee™ 7. Let us write v = a,+b,n where
ay, by € O. Then we have ord (1 — a,) > 0 if and only if ord (az) > 0. Moreover,
when ord (az) > 0, we have ord (b,) = ord (ac).

PROOF. Since v = age? N/ ()", we have
ay = ag (a2 + b2d) Ng/p ()" and b, = 2apach. Ng/r (e)~".

Hence 1—a, = {(1—ag)a? —b2d(1+ao)} Ng/r ()”" where ord (1 — ag) = 0 and
ord (14 ag) > 0. Thus we have ord (1 — a,) > 0 if and only if ord (a.) > 0. When
ord (a:) > 0, we have b. € O* since ¢ € OF. Hence we have ord (b,) = ord (a.). O

We return to the proof of the proposition. For a positive integer r, we note
that

1 -

/ d¥e = 72/ da. db, = —+—.

{e€Ole=ac+ben, acew™ 0, b.cO* } 1-q wr® JOx 1+¢

Then the rest of the assertions follow from Corollary 3.20 and Lemma 3.23. O

We recall that B(®) (\;u, ) for A = (0,0) is given as follows (cf. [6, Proposi-
tion 6]).

PROPOSITION 3.24. Let u € EX N Og such that Ng/p (u) # 1. We put x =
Ng/p(u). Let m = ord(z) and let m' = ord (1 —x). Let p € F* and let n =
—ord (u).

Then the integral B(*) (0;u, 1) is evaluated as follows.

(1) The integral B (0;u, 1) vanishes unless n >0 and n is even.
) Whenn =0 and m' =0, we have B (0;u, p) = 1.
) Whenn =0 and m’ >0, we have B (0;u, u) = ™ Kls.
) When m >n >0 and n is even, we have

B (0;u, 1) = 6 (w)" ¢" {(—l)% Ky +1+ qil} .
(5) Whenn > m and n is even, we have

B (0;u, 1) = 6 (w)" g™ " {(71)W Kl + (~1)% -/czg} .

For a fixed pair (u,u), we regard B (\;u, ) as a function on Pt and we
simply write it as B (\). In order to express B(® () explicitly, let us introduce
a function on PT.

DEFINITION 3.25. For (a,b) € Z?, let P, be the characteristic function of
the set {(a,b)} N PT.

Then by Proposition 3.22 and Proposition 3.24, the function B on PT is
expressed as follows.
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PROPOSITION 3.26. Let u € E* N Of such that Ng,p (u) # 1. We put x =
Ng/p (u). Let m = ord(z) and let m' = ord (1 —x). Let p € F* and let n =
—ord (). For A = (M1, X2) € PT, we define C, (N\) by
(3.61) Ca(N) = (14717 gritn—2Ximda g (ynhi—de,

Then the function B on Pt is expressed as follows.

(1) Suppose that m' = 0.
(a) Whenn >3 and n is odd, we have B(*) = 0.
(b) When n > 2 and n is even, we have

Py - (—1)% Kl + (_1)’5‘ 'ICIQ} ifn>m;
Pooy - {1+q '+ (-1)* -/Clz} ifn < m.
(c) When n <1, we have

Caﬂ .B@ — Piino) + gt - Pla_no) — (1 + qfl) Pana).

(2) Suppose that m’ > 0.
(a) Whenn > —2m/ 4+ 3 and n is odd, we have B = 0.
(b) When n > —2m' + 2 and n is even, we have
ot g {Too (—1)% (Kly + Klo) ifn>2;
C T WP Rep) Kl im0

O;l .B@ —

2 0 2

(¢) When n < —2m'+ 1, we have

C(a_1 : B(a) = (P(—m’—n,m’) - P(l—m/—n,m/—i-l))
+ q71 : (P(27m’7n,m’) - P(lfm’fn,m’fl)) .






CHAPTER 4

Split Bessel and Novodvorsky Orbital Integrals

In the first section, we prove a functional equation (4.1) for the split Bessel
orbital integral and then a similar functional equation (4.2) for the Novodvorsky
orbital integral. Then we rewrite the degenerate orbital integrals defined by (2.50)
and (2.54) in a form suitable for our subsequent evaluation and perform some
preliminary computations. In the second section, we evaluate the degenerate orbital
integrals explicitly. In the third section we prove Theorem 2.19, the matching
theorem for the fundamental lemma for the first relative trace formula in [8].

4.1. Preliminaries

4.1.1. Functional equations. The split Bessel orbital integral B®) (x, u; f)
defined by (1.11) satisfies the following functional equation.

PROPOSITION 4.1. For x € F\ {0,1}, p € F* and f € H, we have the
functional equation

(4.1) BE (a7t pats f) = 6 (2) - BY) (2, p1; 1) -
ProOOF. For A®) (x, 1) defined by (1.12), we have

(s) (s) 0900 1600

S S —

wo AY (z,u) = A 0898 ], wherewo=1{4508Y -
0001 0010

Since wy stabilizes £(*), we have

1000
B = [ fra® @) (35 80) ] €0 050 () arar
Z\R) JR(®) 0001
=9 (m)fl B (wil, pa L f) .

Thus it is enough for us to evaluate B*) (\; x, ) when |z| < 1.
As for the Novodvorsky orbital integral A (x, u; f) defined by (1.15), we have
the following proposition.

PROPOSITION 4.2. Suppose that E is inert and @ = 1. Let x € F \ {0,1},
weEF* and f € H.

(1) We have the functional equation
(4.2) N (@ a5 f) =N (2,1 f).
(2) The orbital integral N (x, p; ) vanishes unless ord(x) is even.

47
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PROOF. The proof of (4.2) is similar to the proof of (4.1).
Let us prove the second assertion. Since

1000 1000\ ¢
wn A o) o = (B584) 40 o (§581)
0001 0001
and wy stabilizes both § and 7(*), we have
N (2, s f)
1000 1000\ !
[ Lol () A e (§2) | o0 6 arar
Z\R® JR® 0001 0001
=k (@) N (@, )
Hence the orbital integral N (z, y; f) vanishes when ord(z) is odd. O

Hence it is enough for us to evaluate N (z,u; f) when |z| < 1 and ord(zx) is
even.

4.1.2. Rewriting the integrals. We rewrite the degenerate orbital integrals
B®) (\;z, ) defined by (2.50) and N (\; z, 1) defined by (2.54). When a pair (z, 1)
is fixed, we shall simply write B() () for B (\;2, 1) and N (\) for N (\;z, )
respectively, and, shall regard them as functions on PT.

PROPOSITION 4.3. Let z € O\ {0,1}, p € F* and A = (A, \2) € Pt. Let
m = ord (z) and m' = ord (1 — x). Let n = —ord (p) and we put e, = w™p € O*.
(1) For a given pair (z, ), the function B®)(\) on P is supported on the set

(43) Pr (l‘,/l,) = {(/\1,)\2) e Pt | A+ A > —n, Ay > —m/ —n} .
For A = (A1, \2) € P (x, ), we have
(4.4) B (N) = 3§ ()M > N (2, 1),
0<i<m+n+Ai+A2
0< <n+A1+A2
where

N ) = [ NG (A7 0) ) e
Ox

A (o) — wle wi e+ @thiTiy

A (e) = wie  wire 4 gt )

and

” 0 M 0
(4'5) N)\ (A77) =Kl (A; (LU)“ 2w7zk1—>\2> ’ <’Y g))

for A € GLy (F) and v € O*.
(2) Suppose that E is inert and = 1. For a given pair (x,u), the function
N (X) on PT is also supported on Pt (x,u) defined by (4.3).
For A = (A, \2) € Pt (x, 1), we have

(46) NN =g )T A ().
0<i<m+n+A1+A2
0<j<n+A1+As

Prior to the proof of the proposition, we note some basic properties of the
integral Ny (A, 7).
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LEMMA 4.4. Suppose that A € My (O) N GLy (F) and v € O*.
(1) Foreq,e0 € OF, we have

(4.7) N ((601 502) A,ys@) = N5 (4,9).
(2) We have

(4.8) N;((? (1)) ) Nx(4,7).

(3) Forey,eo € O with €1 — ey € @O, we have

(4.9) N3 <A (501 @ (e 52)) ,75152> = N3 (4,7).

€2
(4) We have

1o s (a(Zh %)) = xstan
ProoOF. We recall that
)6 b))
0
1

(4.11) N3 (A, / /
Sym?(F) JSym?2(F)
1 0 1
[tr{ ( b ) X 47 (1 0) yH 4X 4.
By the change of variable

1, 0

0 ’}/12
n (4.11), we have

L X 12
0 1
- 0\ (A 0
i G =[S =6 0) 6 i)
W [tr {WM <(1) 2w1>‘2) X+ <(1) é) YH dXx dy.

Then (4.7) follows from the change of variable
-1

(1]

eg 0 0 0 eg 0 0 0
b 0 |0 e 0 0 I 0N|[0 e 0 O
Y 1y 0 0 %' o0 Y 1) |10 0 &' 0
0 0 0 &t 0 0 0 &t

n (4.11) since

610 0 1 510_ 0 1
0 e)\1 0o/\o &) 721 o)

Similarly (4.8), (4.9) and (4.10) hold since we have
0 1\ (0 1\/0 1\ (0 1
1 0/\1 o)\1 0/ \1 0/’
€1 0 0 1 €1 w2 (51 - 62) - 0 1
w2 (e) —es) &) \1 2w 2/ \ 0 €2 T2\ o)
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-1 w2\ [0 1 -1 0y [0 1
0 1 1 2w M) \wr 1) \1 2gg= )

respectively. O

and

PROOF OF PROPOSITION 4.3. We may write (2.50) as

B (A 6100 4 0100 5
=121 0010 (@, p) | 0010 ) nby
Fx JFX 000a 000b
8 (abz?) € () ) (n) dz d* a d*bdn dn.

Making the change of variable n +— b( (b $) )~1, we have

(4.13) BS)( —q*“l//Fx /F

T bw)‘z b AN
§ (ab2?) - N5 [ M <O 1) (1 1) ( 0 1) , 22abpu™ T 2] dzd*ad*b

where
1, 0 A 0 1, X
Y 1, 0 v tA-1 0 15

(414) N} (A7) = / /
Sym?(F) JSym?2(F)

Y [tr{w/\l ((1) le_b) X+ ((1) (1)) YH dX dY.

The integrand of (4.14) vanishes unless A € My (O) and v € O*. Then by another
change of variable,

o 0 (12 0 \(la 0\(1z 0\
Y 12 0 v ].2 Y 12 0 v ].2 ’
we have (4.5).
Put ord (az) = n—i and ord (z) = n—j. Then z2abuw*1 T2 € O implies that
b = witi—n=M—A2¢ for some ¢ € OX. By (4.7), we may assume that z = "7
and @ = w7 in (4.13). Thus we have
B(s) (/\) _ q73/\15 (w)nf)q*)a Z N)\i,j ((t, /U') )

i,JEL

(1]

Suppose that A%’ (¢) € My (O). Then from the first row, we have i > 0 and
j > 0. Since Ay > 0, the entries of 2 time the second row minus the first row, i.e.,
w2~y and " TMFA27 belong to O. Thus we have i < m+n+ A+ Az and
j < n+ A1+ Ao. Hence (4.4) holds. We also note that det A}’ (¢) = w1 (1 —2).
Thus B) (\) vanishes unless (4.3) holds.

The proof is similar for the degenerate Novodvorsky orbital integral. ([l

REMARK 4.5. Here we remark that for ¢/ € O such that ¢/ — 1 € @0, we

have \
ij ij e w2 (e =1
e =age (5 7,

Hence by (4.9) we have
(4.15) N (Ai’j (e€”) ,EHEEI) = N3 (Ai’j (¢) ,suzs) :
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In particular when Ay = 0, we have

(416)  BON =g M@ Y A (47 (1))

0<i<m+n+A
0<j<n+Xi;
and
(411 N =g Y CDT NG (A (1))
0<i<m+n—+A1

0<j<n+X;
We also note the following symmetry in the summation in (4.4).

LEMMA 4.6. Fori =m+n+ A + X —i and 7' =n+ A1 + Xy — J, we have

(4.18) N (A&j (e) ,euzz) =N} (Ai’j/ (e27") ,suews_l)
and
(4.19) N (@) = N (e, ),

under the assumptions present in (4.4).

PROOF. Let us write x = w™e,. Then we have

EwE_l 0 0 1 ij -1 0 i’ 1
(4.20) ( 0 €_1> <1 o> Ay () (w)‘Q 1) = A\ (e ).
Hence by Lemma 4.4, we have (4.18) and then (4.19) follows. O

Let us evaluate Ny (A, €) explicitly.

PROPOSITION 4.7. Suppose that A = (: ?) € My (O)NGLy (F) ande € O*.

We put || A|| = max {|al,|8],]7], 6]} and A = det A.
Then for A = (A1,A2) € Pt \ {(0,0)}, the integral N5 (A,e) is evaluated as
follows.
(1) Suppose that || A|| = 1.
(a) When |A| =1, we have
(4.21) N (4,e)=1.

(b) When |A] < 1, we have

(4.22)

— 9~ QAT Az A2 3 _

A7t K A’Y, i E(Aw p-a) , when |a| = 1;
_ QoA A2 -1 A3

‘A|71]Cl %(5, w EaﬂA (w /6 a) , when |ﬂ‘:1,

N3 (Aye) =
x (49 _1 —2a 2w M2e (w28 — )

ANy ¥/ A A ) when |y = 1;
_ 2 )\1—)\2 5—1 )\25_

NGRS zﬂ, — ~ (= 7)>, when 6] = 1.

(2) Suppose that ||A| < 1.
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(a) When |A| = ||A||?, the integral N (A, e) vanishes unless || Al = ¢ .
When ||A|| = ¢, we have

200 2e
¢ - Kl (A, AV) when Ay = A2 and |a| = |7l;
—q, otherwise.

(4.23) Ni(Aye) =

(b) When |A| < ||A||?, the integral N5 (A, ) vanishes unless
(4.24) JAl=lal == and A=
When (4.24) holds, we have

—9y 2 A2pg
(4.25) N;(A,s)zml./cz( A”Y, E(WAﬁ O‘)>.

PRrROOF. By (4.8), we may assume that ||A|| = || or ||A|| = |§]. When ||A|| =
||, we have A = k;Cko where

0 1 0 1 Aa"l 0
B L T (L R

and N5 (A,e) = KI(C; S, T) with

o auen (2(1-@Maip) @ _ (-2a7!y 1
(4.27) S=w 2( e L T=c¢ 1 0l

by (3.13). Similarly when ||A|| = |§|, we have A = k;Cky, where

0 1 0 1 A~ 0
(428) kl == <1 O{_l’}/> y kQ == <1 Oé_lﬁ> y C == ( 0 6)

and Ny (A,e) = Kl (C; S,T) with
(4.29)

e (2967 (0 —wt2) @t — 2467 (=285 1
S=w ( w2 — 2951 2 T=e 0 o)

0 b a9 b2 b3
note that by € O* and b3 = 0.

Suppose that ||A|| = 1. Then (4.21) and (4.22) follow from Corollary 3.14
immediately.

Suppose that ||A]| < 1 and |A| = ||A]|?>. Then we have |a| = |b] = ||A]|. We
also have ||A|| = |a| or ||A]| = |y|. By noting that the right hand side of (4.23) is
symmetric with respect to a and v, we may assume that ||A|| = |«| by (4.8). Then
by Lemma 3.13 we have N (A4,e) = N7 + N5, where

(4.30) N7 = Ial’g’/ox /wo/o

" —ara” 1t + 2a9b7 s
rt —ab—1s2

In both cases we write C' = <a 0), S = (a1 22> and T = <b1 b2>. Here we
3

+ba lr+ 2b2b_1s> drdsdt
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and

(4.31) N;=|a|—3///
{re0,scO0x, teO|rt—ab=1s2€0*}

" —ara" Yt + 2a9b7 s
rt — ab—1s2

+bia r+ 2b2bls) drdsdt.

Let us evaluate N7. By the change of variable r — (r +ab~'s?)t~* in (4.30),
we have

(4.32) Ny = |a|_3/ / ¢ (—ara”rT it bam it
ox Jox

(/ P {bllflt*lsQ +2p7! (agrfl + bg) s} ds) drdt.
wO
The inner integral of (4.32) is given by ¢=! -G (M, N) where M = b1b~ 't~ 'w? and
N =b"" (asr~! + by) w. Since ord (az) > 0 = ord (b2), we have

ord(N) =1—ord (b) <2 —ord (b) + ord (by) = ord (M).

By Proposition 3.2, the inner integral vanishes unless ord (b) = 1. When ord (b) = 1,
we have

N =q2/ / ¢(—ala71r71t—|—b1a717’t71) drdt.
ox Jox

Then the change of variable r — rt gives

(1) (2 e 25y

As for N3, by changes of variables 7 — ab~'rs and t +— st in (4.31), we have

xg=tae [ [
ox {re0,teO|rt—1€O0*}

" —a1a”2bs™ 1t + 2a9a" 1571
rt—1
Let us write N3 = Ny | + N5, where

(4.34) NG| = |a|_3/ / (/ Y (M's+N's™) ds) drdt
' re0 JtewO \JOXx
with M’ =b=1 (by7 + 2by), N' = a™! (2a2 — aya='bt) (rt — 1)7", and

(435) Njp=la] / / /
Ox JteOx J{reO|rt—1€O0*}
1

—a1a"2bs 1t + 2a9a" s~
(0
rt—1

+ b rs + 2b2b_13) dsdrdt.

+ b rs + 2b2b_18> dsdtdr.

Let us evaluate N5 ;. When ord (b1) > 0, the integral Ny, vanishes unless
ord (b) = 1 by Proposition 3.4 since ord (M’) = —ord (b) < ord (N’). When
ord (b) = 1, we have N5 ; = —q. Suppose that ord (b;) = 0. Then we write

NQ*)]_ = ZNQ*’LZ', N;,Li = ‘a|_3/ / . (/ ’lp (M/S + N/S_l) ds) dr dt.
recO JtewOX ox

i=1
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By introducing new variables u = @~ ‘t and v = rt — 1, we have

Ny = |a|73/ / / Y (—aa s 'l ue T 4 2407 s 0T
s€eO0x JueO*x Jve—-14+w?O
Y {bb ' (v+ 1) s+ 2b2b s} ds dudv.

The change of variable v — uv yields
Nz = |@|_3/ / ¥ (—a1a?bs ' wlu+ bib ' w uT s + 2bab7 ' s)
Y s€eOx JueOXx

(/ P {b_lw_i (blu_ls + 2a2a_1bs_1wi) v_l} dv) ds du.
vE—14+w?O

Here the inner integral vanishes. Thus we have shown that

)

. —q, when ord (b) =1 and |o| > |7v];
(4.36) 2,1 — .
0, otherwise.

As for Ny o, by replacing r by w = rt — 1 in (4.35), we have

N;,2=\a|-3/ //
OxX JOX JOX

0 {—ala_Qbs_ltw_l +2a0a tsTlw T + b b st (w+1)+ 2b2b_1s} ds dt dw.
By the change of variable t — st, we have
Ny = \a|_3/ / Y {—aia ?btw ™ + bib T (w4 1)}
ox Jox

(/ P (2a2a71571w71 + 2b2b718) ds) dt dw.
OX

Since ord (az) = A1 > 0 = ord (b2), the inner integral vanishes unless ord (b) = 1 by
Proposition 3.4. When ord (b) = 1, we have

Nzp = —q2/ / ¥ (—ara2btw ™" +b1b~ T w + bib Y dit duw.
ox Jox
Then the change of variable w +— tw gives

. 1. 2M A2 ey
Niy=—¢? </OX ¢ (brb~'t 1)dt> - Kl (A ,A> :

Hence we have shown that

(4.37)
/\1—A2 2
—¢*(1-q ") Kl %Ta7 ?), if ord (b) =1 and |a| > |7v];
* = 2w A2 2
Nz q-Kl (W, ?)7 if ord (b) = 1 and |a| = |7];
0, otherwise.

Thus (4.23) follows from (4.33), (4.36) and (4.37).
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Suppose that ||A|| < 1 and |A| < ||A||%2. Then we have |a| < [b] = ||A||. In a
way similar how we obtained (3.38), we have

(4.38) N (Aye) = |ab2|_1/ / v{—ara”'rt + a7t (byrt —agab” )t}
ox Jox

(/ ) {bilrfl (blrt - agalfl) 52 4+ 207 (bort + ao) s} ds) dr dt.
O

When ord (ag) > 0, the inner integral of (4.38) vanishes unless ord (b;) = 0 by
Proposition 3.2. When ord (b;) = 0, in a way similar to how we obtained (3.40),
we have

N (Ag) = gla|™' Kl (a™',—a"taiby), when o.rd (b) =1 and ord (a;) = 0;
0, otherwise,
by Proposition 3.4 since ord (a) > 2. Hence when ||A|| = |a|, the integral Ny (A, ¢)
vanishes unless || = |y| = ¢7! and Ay = X\o. When so, (4.10) holds. When
|A|| = |0] and ord (a2) > 0, we also have ord (a;) > 0 and N (A,e) vanishes. On

the other hand, when ||A| = |4| and ord (a2) = 0, we may use (4.8) to assume
|Al = |a|. Hence the integral N3 (A,e) vanishes unless |y| = |a| = ¢~! and
AL = Ao

Thus we finish evaluating the integral N (A, e) in all cases. O

4.2. Evaluation

Let us evaluate the degenerate split Bessel orbital integral B(*) (M) and the
Novodvorsky orbital integral A/ (\) explicitly.

Till the end of this section, we fix the notation as follows. Let x € O\ {0,1},
pe F*and A = (A, \2) € PT\ {(0,0)}. Let m = ord (z) and m’ = ord (1 — x).
Put e, = w ™x. Let n = —ord(u) and put €, = w"u. As in the previous
section, for a fixed pair (z, ), we regard B®) (\) and N ()\) as functions on P+,
When we consider A (\), we assume m to be even since it vanishes otherwise by
Proposition 4.2.

Before going further, let us introduce some functions on P+.

DEFINITION 4.8. (1) For A = (A1, \2) € PT, let us define a function C,
on Pt by
(439) Cs (>\) — (1 _ qfl)—e(k) qm’+n72)\17)\26 (w)n,)q,)\z .

1
Here we note that we have ¢=2%2 = §p (w?)?
(2) For (a,b) € Z?%, we define a function Pl, ) on Pt by

(4.40) P(’a’b) = (=1)IMl - Plap)-
(3) For (c,d) € PT, let us define a subset L (¢, d) of Pt by
L(e,d) = {()‘1’/\2) € P+ | A1 >¢ Ao = d}.

Then we define a function L, on Pt to be the characteristic function
of the set £ (¢,d). We also define another function L’(C 2 on Pt by

A
(4.41) Lipgy = ()M L g).
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4.2.1. The first case. We define a subset P of PT by
(4.42) P ={(A,X2) € PT | X =0}.

Let us evaluate B) and A on P;".
4.2.1.1. When A = 0. We recall that B()(0) and N(0) are given as follows by
[6, Proof of Theorem 2] and [8, Theorem 4.13] respectively.

LEMMA 4.9. (1) The integral B*)(0) vanishes unless n > 0.
(2) Suppose that m’ = 0.
(a) Whenn > m+ 2, we have
C71 B o= (n+ 1)Kl + (m +n+ 1) Kls.
(b) When m+1>n > 2, we have
C7tBY o= (n+1) {(m=n+1)—(m—n+3)g '} + (m+n+1)Kl.

(c) When n =1, we have C;1- B®) |\_g=2{m — (m+2)g~'}.
(d) When n =0, we have C7' - B®) |x—o=m + 1.
(3) Suppose that m' > 0.
(a) Whenn > 1, we have C;' - B®) [\_o= (n+ 1) (Ki; + Kl>).
(b) When n =0, we have C;1 - BY) |y\=g = Kl;.
LEMMA 4.10. (1) The integral N'(0) vanishes unless n > 0 and n is even.
(2) Suppose that m' = 0.
(a) Whenn > 2 and n is even, we have

(-1 Kl 4+ (=1)% - Kla, if n>m;
L+q¢ '+ (=12 - Kly, if n < m.

(b) When n =0, we have C;1 - N |yx=0= 1.
(3) Suppose that m' > 0.
(a) Whenn > 2 and n is even, we have

C7V N a=o=(—1)% (Kly +Kls).
(b) When n =0, we have C;1 - N |x=0 = Kl;.
4.2.1.2. Evaluation of B |PO+ and N |PO+.

Csl'./\/'h_o{

PROPOSITION 4.11. The function B() |P0+ is expressed as follows.

(1) Suppose that m' = 0.
(a) Whenn > m+ 2, we have

Ot BY | pr=2(Kl +Kla) - L1,0) + {(n + 1)Kly + (m +n+ 1)Kz} - Po,o)-
(b) When m+1>n > 2, we have
c7tB® |PO+=2{(m—n—|—1) —(m=n+3)qg ' +Klz} - Lay)
+[n+1){(m—n+1)—(m—n+ 3)q_1} + (m+n+1)Klz] - P,
(¢) When n =1, we have
c7t-B® |P0+: {2m — (3m +7) q_l} Py +2{m—(m+3) q_l} - L(2,0)
+2{m—(m+2)q""} - Poo):
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(d) When n <0, we have

c;t-BY |P0+: (m+1)- P, +2{(m+1)—(m+2)q '} Pa_nyo)
+{2(m+1)—Bm+7)g "'} Pao—no
+2{(m+1)—(m+3)q¢ "} Liz_n0)-

(2) Suppose that m' > 1.
(a) Whenn > 1, we have

crt-B®) |PJ: (Kl + Kls) - {2L1.0) + (n+1) Pooy} -
(b) When n =0, we have
C;l . B(S) |PD+: Kl - (P(O,O) + 2L(170)) )
(c) Whenn < —1, we have
c-l.B® | ot = ¢! P no) — 2¢~ - Li—noy, ifm' =1
s g 0, otherwise.

PROPOSITION 4.12. The function N’ |PO+ is expressed as follows.

(1) Suppose that m' = 0.

(a) Suppose that n > m+ 2. When n is odd, N |PO+ vanishes. When n
is even, we have

CoV N = {(—1)¥ Kiy+ (-1)% ’Clz} ' (P(/o,O) + 2L/(170>) '

(b) Suppose that m+1 > n > 2. When n is odd, N |PO+ vanishes. When
n is even, we have

N (10 0 (o 00
(c) When n =1, we have
Ot N pr=—¢" (P(m) + 2L22,0)) :
(d) When n <0, we have
c;h N |P0+: (=" (P(/—n,O) + 2L/(1—n,0)) — (=D (P(/2—n70) - QLEQ—’%O)) '

(2) Suppose that m’ > 1.

(a) Suppose that n > 1. When n is odd, N |P0+ vanishes. When n is
even, we have

C;l N |PO+: (=1)2 (Kiy + Kl2) - (P(/O,O) + 2L/(170)) '
(b) When n =0, we have
Cot N |y =Kl - (Plogy +2L{1,)) -
(¢c) When n < —1, we have

—(~1)g! (P’ ror ) ! = 1:
colN |P0+: (=1)"q (—n,0) (1—n,0) if m .
0, otherwise.
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PROOF OF PROPOSITIONS 4.11 AND 4.12. By Lemmas 4.9 and 4.10, we may
assume that A = (A1,0) where \; > 1.
By (4.16), we have

(4.43) CoWTHBO ) =1al 3T MK (A e,
0<i<m+n+A1
0<j<n+A1
where

> ! wl fwttMig ) > N
AbI = (wi i 4 g ) with A = det A = "™ (1 —z).

Similarly, by (4.17), we have
(48 GWTNW =AY (CDAR (A,

0<i<m+n+A1
0<j<n+A1

Suppose that n + A1 = 0. Then we have [|A0|| = 1.
When m’ = 0, we have |A| =1 and N3 (4%%,¢,) =1 by (4.21). Hence
CNTBO N = 3 M (4 e) = (m D).
0<i<m

As for N, we have

since m is even.
When m’ > 1, we have m = 0 and

—q 7, ifm/ =1
CoN BN =0 ()TN ) =Kl (a0 =4 T BT T
0, otherwise,
by (4.22) and Proposition 3.8.
Suppose that n + A1 > 1. Then since |A| < 1 and Ay > Ay = 0, the integral
N (A“j,su) vanishes unless

(4.45) |A™] =¢~" and |Al=q?
or
(4.46) |AST]| = 1.

When (4.45) holds, we have 0 < j < n+ A;. Hence n 4+ Ay > 2. Thus (4.45)
holds if and only if

(4.47) n+M=2 m=0 1<i<m+1, j=1.

Then we have
m—+1

Al DD NG (A ey) = — (m+1)q !
i=1
by (4.23). Similarly when m is even, we have

m—+1 m—+1

ALY (DA (A7) = D () (=g ) = =

i=1
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The condition (4.46) holds if and only if i = 0, m 4+ n+ Ay or j =0, n+ \y.
Here we note that, by Lemma 4.6, we have

N3 (Ai’o,eu) =Ny (Ai/’"+>‘1,€u) where i/ =m+n+ X\ — i
and

N5 (A% e,) = N5, <Am+”+”\1’j/,su) where j' =n+ A — j.
Hence when m is even, we have

(—1)I N} (Ai,O’&_#) _ (_1)i'+n+)\1 N (Ai/,n-i-/\l’&_H)
and
(—1)7 N} (A% 2,) = (—1)mnthitd’ pry (Am+n+xl,j’,5#) .
For i such that 0 <7 <m +n+ A\, we have
N5 (AP0 e,) = |ATY - Kl (2, 0 — 1)

by (4.22). Then by Proposition 3.8, we have

m+n+A1 A1
Z Kly (3 A\ — i) = Z Kly (z, p;4")
i=0 i'=—m—n
Klq, if n >m+ 2 and m — n is even;
Jm=—n+1)—(m-n+3)¢t, fm+1>n>1;
) m+1)— (m+2)g Y, ifn <0;
0, otherwise,

when m’ = 0, and

ntA; Kly, if n > 0 and n is even;
Z Kl (zyps M —1) = —q~ %, ifn< —1and m' = 1;
=0 0, otherwise,

when m’ > 0. When m is even, we have

m+n+A1 A1

Z (—1)" Kl (2,150 — i) = (—1)™ Z (=1)" Kly (z, ps; 1)
=0 i=—m—n
(=)™ (=1) “TU KLy, ifm' =0,n>m+2and n is even;
()™ (1+4¢71), if m' =0, m>n>2and n is even;
_JEnt =y if m' = 0 and n < 0;
- (_1)/\1 (_1)% Kly, if m’>1,n>0 and n is even;
(_1))\1 (_1)n+1 ¢ ', ifm'=1landn<-1;
0, otherwise.

Similarly for j such that 1 < j < n+ A\; — 1, we have
N)T (Aoyjaglt) = |A|71 : ’Cl2 (maﬂ;)‘l *j)
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and hence
n4A—1 Kls, if n > 2 and n is even;
Z Klo (50 —j) =< —¢ ', ifn<1andm’ =0;
j=1 0, otherwise,

by Proposition 3.8. Similarly we have
n+A1—1 A1—1

> Kl (2 = 5) = (=) D (=1) Kla (@, 1 5)

Jj=1 j=1—-n

(—1))‘1 (—1)% Kly, ifn>2and n is even,

= (=DM (=D)"¢", ifm' =0and n <1,

0, otherwise.
The rest is clear by summing up all contributions. O
4.2.2. The second case. Let us define a subset Pjrr of PT by

(4.48) Pr={(A\1,X) e Pt | Xy >1}.

We shall evaluate B*) (\) and NV ()) for A € P, This case is much more elaborate

than the previous one.
For A = (A1, A2) € PI, we put
(449) a=mn-+ A + M.
We recall that for (4,7) such that 0 < i <a+mand 0 < j <a, and, ¢ € O, we
have

gy wJ:E (sz + w““‘"b_fsw) w2
A)\ (E) - <w25 (sz _~_wa7]) wf)\z )

where we note that
(4.50) det A% () = w* M2 (1 —z), ord (det Ay (5)) =a— X\ +m'.
Let us define subsets Ay (1 < k < 4) of My (O) by
A ={A €M (0)]|||Al|l =|det A| =1} = GL2 (0),
Ay = {A €M (0) | 4] =1, [det 4] < 1},
Az ={A €M (0) | A = ¢7", |det A = ¢~*},

Ar={a= (2 ) M) 114 = lal =l = 7", et a] <472}

Then by Proposition 4.7, the support of N (Ag’j (e) ,z—:us), as a function of ¢, is
contained in {s € 0% | Ai’j (e) € Ui:l ,Ak}. Hence we have

4

B () =3 BT

k=1
where
(51) BN =00 (1-g)1ale Y A (@),

0<i<a+m
0<j<a
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@) N () = [

{e€0x|A}7 ()AL}

N3 (Af\’j (a),eus) d*e
and
A=w* 2 (1-2x).
Here we note that
(4.53) N;’J’(k) (z,p) = Ny ) (2 p0)
where i’ =a+m —i and j/ = a — j, by (4.18) and (4.20). Similarly we have

N =3 My
k=1

where

454 NN =C) (1—g ) Al Y ()TN ().
0<i<a+m
0<j<a

Evaluation of B:(LS) and N;. First let us introduce some functions on PT.
DEFINITION 4.13. For (a,b) € PT, let us define a subset V(a,b) of Pt by
V(a,b) = {()\1,)\2) c P+ | )\1 = a} .

Then we define a function V, 1) on PT to be the characteristic function of the set
V (a,b). We also define another function V(| ;) on Pt by

(4.55) Viy = (DI Vig ).
We observe the following lemma.

LEMMA 4.14. We have Ai’j (€) € Ay if and only if the condition

(4.56) a+m' =Xy, i=a+m, j=0, €€ —e,+w20,
or the condition

(4.57) a+m' =X, i=0, j=a, e€—-1+w20
holds.

PROOF. By considering the determinant, we have a — Ao +m’ = 0. It is clear
that we have min {i,j} = 0 by looking at the first row of Ai\’j (¢). When j = 0,
(5 + w“*m’isz) w2 € O implies that i = a+m and € € —¢, +@*2O. Conversely
when (4.56) holds, we have

(@ TMe+ @) w M = (1—2)+ @M (e te,) €0,
and hence Af\’j (e) € A;. The other case is similar. O

LEMMA 4.15. (1) The function Bgs) on P is evaluated as follows.
(a) Whenm’ =0 andn < —1, we have

C.;l ' 858) =2 Vv(fn,l)-
(b) When m' > 1 and 2m’ +n <0, we have
-1 (s) _
Os * Bl —_ 2 M ‘/(_m/_n,m/) - P(_m/_n)m/).

(¢) Otherwise the function Bgs) vanishes.
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(2) The function N7 on P} is evaluated as follows.
(a) Whenm’ =0 and n < —1, we have
;b N =2(-1)"- V(/fn,1)~
(b) When m' >1 and 2m’ +n <0, we have
Cs_l Ny =2(-1)"- V(/fm’fn.,m’) - (=" P(/*m’fn,m’)'

(¢) Otherwise the function N vanishes.

Proor. We note that a +m’ = Ay is equivalent to Ay = —m’ — n. We also
have a = Ay — m/ > 0. Since A\; > )Xo, the functions Bgs) and N, vanish unless
—-m' —n >m', i.e. 2m’ +n < 0. The rest is clear from Lemma 4.14. O

Evaluation of B{* and V. We shall evaluate BS* and N explicitly.
Let us define subsets Ag; (1 <1 <4) of Ay by

an=(G Q)en©. A= (g 9)\6LO),

w0 O* w0 O
A2’3<w(’) o>’ A2’4<w0 (’)X)'

For [ such that 1 <1 <4, let
A () = [

{EEOX ‘A;’j(é‘)EAQ,l}
Then by (4.18) and (4.20), we have

(458) NP (@) = NEIY @y i =atm—i, f=a—],
for I =1,3. We also put

D g = [

{EEOX \Af\"j(e)EAz,1ﬁ.Az,2}

N3 (Ai’j (e) ,q,s) d*e.

N3 (Ai’j (¢) ,EME) d*e
and

A ) = |

N3 <Ai’j () ,5@) d*e.
{EGOxlAi’j(E)GA2,3ﬁA2,4} A A l

Then we have
(4.59) B (N) =2-BYT () +2- B (A) — BS) (A) — BE) (V)
where

BE (W) =CoN-(1=a7) g2 1al > M (@),

s

0<i<a+m
0<j<a
Similarly we have
(4.60) No ()\) =2- Nz,l ()\) +2- Nz,g ()\) — ./\/‘2,5 ()\) — N2,6 ()\)

where

NogN)=CoN)-(1=g) (Al D (1) NTEY (@ ).

0<i<a+m
0<j<a
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Evaluation of Bé 1 and ./\/2 ; for [ = 1,5. First we note the following lemma.

LEMMA 4.16. (1) We have Ay (¢) € Asy if and only if:
(4.61) a>0, a+m >Ny, i=a+m, j=0, e€—c,+w20.
(2) We have Ai\’j (€) € Ag o if and only if:
(4.62) a>0, a+m >N, i=0, j=a, e€—-14+w0.
(3) We have Ai\’j (€) € Aa1 N Az o if and only if
(4.63) a=0, m >N, i=j=0, €€ —g,+ 0.
PRrROOF. The proof is similar to the one given for Lemma 4.14. (]
LEMMA 4.17. (1) The function 82 | on P} is evaluated as follows.

(a) Whenm’ =0 and n =0, we have
Cs_l N Bg’? = —q_l . L(l,l)'
(b) When m' =0 and n < —1, we have

C ! stl - 1 —q Z L(l n,i) . L(lfmlfn)'

(¢) Whenm/ >1,2m’ +n>2, n< -2, and n is even, we have
1
C B21_IC11L(_T"7_TW).
(d) When m' > 2 and 2m’ +n < 1, we have
C;I . Bé?i = *Qil ' L(l—m’—n,m’—l)

’
—m —n

+(1=¢) > Lamni =4 Lamni-mn):
i=m/’
(e) Whenm/ =1 and n < —1, we have
—1-n
OV B = (=47 Y Licwy ~ 0 Ly
i=1

(f) Otherwise the function Bg 1 vanishes.

(2) The function Noy on P is evaluated as follows.
(a) When m’ =0 and n =0, we have

C;l ‘N271 = qul : /(171).
(b) When m' =0 and n < —1, we have

_1"/\/’2’1:( 1_(] ZLII n,i) )n . /(1 n,l1—n)*

(¢) Whenm/ >1,2m’+n>2,n< -2, and n is even, we have
Cs_l 'N2,1 = ICll . L/

(=53
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(d) When m' > 2 and 2m’' +n < 1, we have

C;l 'N271 —_ 7(71)n q—l . L/

(I—-m'—n,m’—1)

—7)’1,/ —-n

+ (_1)71 (1 - qil) : Z L/(l—m'—n,i) - (_1)71 q71 ' Lzl—m/—n,l—m’—n)'

(e) When m' =1 and n < —1, we have

—1-n

Cs_l 'N271 = (_1)71 (1 - q_l) ' Z /(771,2’) - (_1)" q_l ’ /(771,771)'

i=1

(f) Otherwise the function Na1 vanishes.

LEMMA 4.18. (1) The function Bésg on P is evaluated as follows.
(a) Whenm/ > 1, 2m' +n > 2, n < —2 and n is even, we have

C7'BS) =Kl Piow -

73"

(b) When m' > 2 and 2m’ +n < 1, we have
CS_I ’ Béi’)) = _q_l : P(l—m/—n,m/—l)‘

(c) Otherwise the function Bésg vanishes.

(2) The function Na 5 on P is evaluated as follows.
(a) Whenm/ >1,2m' +n>2,n< -2 andn is even, we have
Cot Nos =Kl - Pl _ay.
s ’ (=54
(b) When m/ > 2 and 2m’ +n < 1, we have
Ot Nas = —(=1)"¢7" - Pl

—n,m’—1)"

(c) Otherwise the function Ny 5 vanishes.

PROOF OF LEMMA 4.17 AND LEMMA 4.18. Since the proofs are similar, here
we prove only for Bési and Bgsg
By Proposition 4.7 and (4.61), we have

B () = Cy (A) - Kl (, 13 A2)

if n+ A + X2 >0and m’ +n+ A; > 0, and it vanishes otherwise. Similarly we
have

By3 (V) = O (N) - Kl (, 1 Vo)
if n+ A + Xy =0 and m’ > Ay, and it vanishes otherwise. Let us define subsets
D(f’l) (resp. Df’5)) of P} by

DY = {(A, M) € PL [ A+ X9 > —n, Ay > —m/ —n 4 1)
(resp. Df’5) ={(A, ) €P{ [ M+ Xo=—-n, A\ >—m —n+1}).

Let Ff’l) (resp. FJ(FQ’S)) denote the characteristic function of the set Df’l) (resp.
Df’5)). Then we have

(4.64) BS)(N) = Cs () - Kl (2, 5 00) F&Y (V)
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and
(4.65) BES () = Cs (V) - Kl (w,1520) FEP ().
Since A\ > 1, by Proposition 3.8, we have

—q ', ifm =0,n<0and My =1—n;
1—q¢ ', ifm =0,n<—-1and Ay < —n;
Kby (2, 3 Ao) = Kll,’l %f m: >1, Qm: +n > 2, nis even, a/nd, Aoy = ’7”/;
—q, ifm>1,2m"+n<land dg=m'— 1,1 —m' —n;
1—q¢ ', ifm'>1L2m +n<0and m' < X < —m/ —m;
0, otherwise.
Thus Lemma 4.17 and Lemma 4.18 hold. ([

Evaluation of ngl) and Ny, for [ = 3,6. First we note the following lemma.

LEMMA 4.19. (1) We have Ai’j (e) € Az if and only if one of the fol-
lowing conditions holds:
(4.66) i=a-+m—j, 1<j<min{)\2—1,a+2m,a—)\2+m’},

€€ —g, +wIOX,
(4.67) i=a—j, %<j<min{)\2,a}7 m =X —j, e€—-14+w/Tre0;
) a>2X o, X<i<at+m—Ay, J=A;
) a>2 y, i=a+m—XAy j=N e€OX\(—¢,+m0);
(4.70)  m/ =0, 1<i=a—-A <X, j=>X, e€—-1+w?*7%0; or
)

i=a+m—XA, X<j<a—N.

(2) We have Ai’j (€) € A2 3NAsz 4 if and only if one of the following conditions
holds:

(4.72a) m' =0, i=m+Xy, 1<j=a— <Ny, 5676m+w2)‘27“(9x;

(4.72b) m' >0, i=a—j, max{0,a— A} <j<min{ls,a},
e€ (—ep + @O N (-1 + @/ T2720%);

(473&) a=2NX, X<i<A+m, j= Ag;
(4.73b) a>2\, i=j=A;
(4.73¢) a=2X, i=j=X, m>0, €0\ (-1+w0);

(4.74a) a=2X 3, i=X+m, m>0, j=X €0\ (-, +w0);

(4.74b) a=2Xg, i=j=X2, m=0, € O\{(—ex+wO)U(-1+w0O)};
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(4.75)  m' =0, 1<i=a—A2<Ay, Jj=DN, ee—1+w?2720%, or

(476) i=a+m— Ag, /\2<j=a—)\2.
(3) Forintegers i and j satisfying 0 <i<a+m and0 < j < a, and, ¢ € O%,
we have
(4.77) A (£) € Agq = ALY (e71e,) € Ags,

where ! =a+m —1i and j' =a — j.
PROOF. Let af\’j (€) (resp. bg’j (€)) denote the (1,2)-entry (resp. (2,2)-entry)
of Ay (e), i.e.
at+m—i—Az

() =w Mt w £, bV (6) ='H

g+ w2,

Here we note that
(4.78) bl (e7le,) =2 1al 7 (o),
and hence (4.77) holds. N
It is clear that we have A}’ (¢) € A3 (vesp. Az 3N Az 4) if and only if
(479) O<i<a+m, 0<j<a, dy()eO*, b (e)eO
(resp. by (¢) € O%).
Suppose that j < Az in (4.79). Then we have a3’ (¢) € O if and only if
i=a+m—jande+e, € w2 7O*. Then

bi+m_j’j (e) = o A2—d {wm+(>\2—j) . ai+m_j’j (e)+(1- .7;)} .

Thus we have 637777 (¢) € O if and only if

(4.80) a—2j+m>0 a—Xo—j+m >0;
or
(4.81) a—2j<0, d—j=m/, e+lew/t0.

Here we note that (4.81) implies a§ 77 () € O, since
al ™ (e) = T e+ ) —w ™ (1-2),

where —m/ + (j + A2 —a) = 2j — a > 0. Thus when j < Ag, Af\’j (e) € Az 3 if and
only if (4.66) or (4.67) holds. The converse is clear.
Suppose that j < Xp and A}’ (¢) € Az 3N Az4. Then we have

BT (e) =@ (@Me + 1) € OF

if and only if

(4.82) j=a—-Xy, whe+1leO%;
or
(4.83) m=0, a—j—X<0, e+1¢ew/tr20x,

Since w™e +1 = w™ (e +&4) + (1 — x), we have (4.72a) or (4.72b). The converse
is clear. ‘
Suppose that j = Ay in (4.79). Then we have ag\)‘2 (e) € O* if and only if

(4.84) a+m—i—Ay>0;



4.2. EVALUATION 67

or

(4.85) i=a+m—2Ay, €0\ (—g,+w0).
On the other hand, we have bi\’/\z (e) € O if and only if

(4.86) i—X>0, a—2X\>0;

or

(4.87) i=a—X <Xy e+41€w?? 0,

Suppose that (4.84) and (4.87) hold. Then m > 0 and hence m’ = 0. Suppose that
(4.85) and (4.87) hold. Then m = 0 and

l—z=(e+1)—(e+¢e,) € OF,

i.e., m’ = 0. Conversely when (4.70) holds, we have (4.84) (resp. (4.85)) if m > 0
(resp. if m = 0). Thus when j = Ao, one of (4.68), (4.69) and (4.70) holds and the
converse also holds. _ _

Suppose that j = Ag and Af\’)‘z (€) € Az 3N Ag 4. We have bf\’)‘z () € O* if and
only if

(488) i=Xo, a—2X\y>0;

(4.89) i—X2 >0, a=2\y;

(4.90) i=MXy, a=2X, €0\ (-1+w0);
or

(4.91) i=a—Xy <Xy, e+1¢€wr0%,

Hence when (4.68) (resp. (4.69)) holds, we have bi’h () € O* if and only if one of
(4.73) (resp. (4.74)) holds. When (4.70) holds, we have bi*? () € O% if and only
if (4.75) holds by (4.91). N

Suppose that j > Ay in (4.92). We have a}’ (¢) € O* if and only if

(4.92) i=a+m— .
Then we have b7 27 (¢) € O (resp. ©%) if and only if
(4.93) a—X—75>0 (resp. a—A2—j=0)

since (@ +m — A2) = A2 > (a+m — Ag) —j > a— Ay —j. Hence when j > Az, (4.71)
(resp. (4.76)) holds if A}’ () € Az3 (resp. Az 3N Az4). The converse is clear. O

LEMMA 4.20. (1) The function Bésg on P is evaluated as follows.
(a) Suppose that m’ = 0.
(i) When n > m + 2, we have

Ot BY) = — (Kl +Kla) - L1y,
(ii) Whenn=m+1> 2, we have

OV B = (247 — Kla) - L.
(iil) When m > n > 2, we have

C;l-[j’éig: {~-(m-n+1)+(m-n+3)¢ " —Kl2} La .
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(iv) When n =1, we have
ot Bésg), =q! “ L) + {—m +(m+2) q_l} L1y
(v) Whenn =0, we have

Cot B = Ly — (1—a7") - Leay + {—m+(m+2)a7'} - La,y.

(vi) Whenn < —1, we have

Cs_l : Béf};) =q! 'L(3fn,37n) B (1 o q_l) 'L(2fnv27")
1-n

-(1-¢7")- Z Langy+{—m+(m+2)¢7'} - La_ny)

i=2
(b) Suppose that m’ > 1.
(i) When 2m' +n > 2, we have
— (Kly + Kl2) - L1y, if n>0 and n is even;
C;1~B§‘f§: —ICZ1~L(%)%), ifn <0 and n is even;
0, if n is odd.

(ii) When 2m’' +n =1, we have

Cs_l . Bé?;) =g L. L(m’+l,m’+l) + q_l . L(m/+2,m’+2)'

(iil) When 2m’ +n <0, we have

Cs_l . Bg?;, = q_l : L(l—m’—n,m’+1) - (1 - q_l) : Z L(l—m’—n,i)

- (1 - q_l) : L(27m’7n,27m’7n) + q_l . L(Sfm’fn,Bfm’fn)-

(2) The function Na 3 on P is evaluated as follows.
(a) Suppose that m' = 0.
(i) Suppose that n > m+2. When n is odd, N> 3 vanishes. When
n is even, we have

m—n

O = {5 K K}

(ii) Whenn =m+1> 2, the function N33 vanishes.
(iii) When m > n > 2, we have

Cl Nys= {(1 + qil) +(-1)% IClz} : Ll(Ll)? if n is even;
) ’ 0, otherwise.
(iv) When n =1, we have
b= Loy 27

(v) When n =0, we have
Cl Nos=qt- Lizz) — (1—q¢") - Lig ) + 27! - Ly 1y-
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(vi) When n < —1, we have

1-n
Ot N = (—1)" {q‘l Lig-ns-m — (=07 (L’@—n,z—n) 2 L'u—m)) }

i=2
+(-1)"2¢ " L/(l—n,l)'

(b) Suppose that m’ > 1.
(i) When 2m' +n > 2, we have

(—1)% (Kl + Klo) "Ly 4y, ifn=2andn is even;
Co'-Nos = —lCll-L’(ﬂ inys if n <0 and n is even;
2 0 2
0 otherwise.
(ii) When 2m' +n =1, we have
CotNog=—q"- (L/(m’+1,m’+1) + L/(m/+2,m’+2)) .
(iii) When 2m’ +n =0, we have
ColNag=—(1-q7")" L/(m’+27m'+2) ot (Lzm’+1,m'+1) + L/(m’+37m'+3)> '
(iv) When 2m' +n < —1, we have

O Nos = (10" (=07 Llacwnzomn + D2 Htomn

+ (_1)nq_1 ’ (L21—m’—n,m’+1) + L/(3—M'—n73—m’—n)) :
LEMMA 4.21. (1) The function Béf% on P} is evaluated as follows.
(a) When m’ =0 and n <0, we have
Cot B ={(=m) +(m+ 1)} Puwsy =2 (1= ") Viena):
(b) When m' > 1 and 2m’ +n <0, we have
C’g;l : Bg?% = P(l—m'—n,m'+1) -2 (1 - qil) : ‘/(l—m’—n,m’-i-l)'

(c) Otherwise the function Béf()j vanishes.

(2) The function Nog on PI s evaluated as follows.
(a) Whenm’ =0 and n =0, we have

C;l './V.276 = — (1 — 3q71) 'P(/l,l)'
(b) When m’ =0 and n < —1, we have
O Nag = =1 {2(1=¢7) - Vi = (L+a7") - Py | -
(¢) When m' > 1 and 2m’ +n <0, we have
Cs_l 'N2,6 = - (_1)7’L {2 (1 - q_l) ’ ‘/(llfm’fn,m’ﬁLl) - P(/lfm’fn,m“kl)} :
(d) The function N g vanishes otherwise.

PrROOF OF LEMMA 4.20 AND LEMMA 4.21. First let us compute the contri-
butions from each type of the domains in Lemma 4.19.
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Type (4.66) contributions to Béég and N3 3. Suppose that (4.66) holds. Then
we have

B
=i

—ep+wr27IO0x JOX - (1-z)(e+ea)

By a change of variable ey = @/ =2 (¢ + £,) €1, we have

a+m—j,j A g j
N, +m—3,5,(2,3) (2, 1) = ‘lliq—l/ (/ P (—2w_351) d€1>
- OX OX

N)\a+mfj7j,(2»3) (z, 1) -

q
11—z
Since j > 1, the inner integral vanishes unless j = 1. When j = 1, we have
_ —|A|7 g
N)\a-‘rm 1,1,(2,3) (CC,/J) = |1|_7q_q1 . ’Cll (1’,#, )\2 —_ 2) .

Thus the condition for the type (4.66) contributions occur, the contribution to
c;t. Béq:,)) and the contribution to C;! - N3 3 are given respectively by:

(4.94a) M>1—m' —n, A>2 and M +X>2-—m—n;
(4.94b) =Kl (z, 3 A2 — 2) 5
(4.94¢) —(=D)" MK (2, 5 A — 2).

Here we note that by Proposition 3.8, under the condition (4.94a), we have
(4.95) Ky (z,pu; A2 —2)

—q 1, ifm' =0,n<1, \y=3—n;

1—q ! ifm=0,n<0,2<X<2—n;

Kly, ifm’ >1,2m'+n>2,n<0,nis even, )\2:4_7”;

—q 1, ifm' >1,2m +n=1 A =m'+1, m +2;

—q 1, if n>2m'>2 M >1—-m' —n, Ao =m' +1;

—q 1, if—n>2m'>2 A=3-—m'—n;

1—q¢ ', if—n>2m'>2, M >1—-m' —n,2—m' —n>X>m +2;
0, otherwise.

Thus the type (4.66) contribution to the function C;! - Bgs?), is given by:
(4.96a) ¢ " Lo, ifm =0andn=1;

1—-n
(4.96b) ¢ ' Li_pz—n)y— (L—q") <L(2—n,2—n) + Z L(l—mi)) ;

i—2
if m"=0and n <0;

(4.96¢) —Kl4 ~L(4;n azn); ifm' >1,2m' +n>2 n <0 and n is even;
2 ' 2
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(4.96d) g (Law+1m+1) + Lirgomrsy) , i m >1,2m' +n=1;
1-m'—n

(4966) - (1 - qil) : L(Qfm’7n727m’fn) + Z L(lfm’fn,i)
i=m'+42

+ qil : (L(l—m’—n,m’+1) + L(3—m’—n,3—m’—n)) 5 if m/ Z 17 2m/ +n S 0;

(4.96f) 0, otherwise.
The type (4.66) contribution to the function C;! - N3 is given by:
(4.97a) —q ' Ligyy, ifm'=0andn=1;

1-n
(497b) (_1)n {q_l . Ll(an,an) - (1 - q_l) (Ll(Qn,Zn) + Z Lhn,z)) } )
=2

if m =0and n <0;

(4.97¢) —Kly ~L’(u iony; ifm'>1,2m +n>2,n<0and n is even;
3 52
(497(1) _q71 ' (LGb’-‘rl,m/-l—l) + L/(m’+2,7n'+2)> ) if m’ > 1, 2m' +n = 1;
1-m'—n
(497¢) = (D" (1= ) | Liommzmm + D Ll
i1=m’+2

+ (_1)”(]*1 ' ( El—m’—n,m/-i-l) + LE3—m’—7L,3—m’—n)) ) if m’ > 17 2m’ +n< O;

(4.97f) 0, otherwise.
Type (4.72a) contribution to Bgf()j and N3 g. Similarly when (4.72a) holds, the

integral NAerAQ’nH‘l’(Q’G) (x, 1) vanishes unless n + A\ = 1. When n+ Ay = 1, we
have

A2,1,(2,6 —|A|7 g
(4.98) NPABLEO) (g ) = T4

Hence the condition for the type (4.72a) contributions occur, the contribution to

. ICll (IE,‘LL;AQ - 2) .

c;t. BS% and the contribution to C;! - N3¢ are given respectively by:

(4.99a) m =0, M=1-n>X>2
(4.99Db) =Kl (2, 5 A2 — 2) 5
(4.99¢) — (=) (2, 5 A — 2).

By (4.95), under the condition (4.99a), we have
Kl (x50 —2) =1 —¢ %
Thus the type (4.72a) contribution to the function C;! - B;‘fé); is given by:

(4.100) {_ (1=q7") Viionz), ifm'=0andn<-1;

0, otherwise.
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The type (4.72a) contribution to the function C; ! - N3¢ is given by:

(4.101) {(1)” (1—q¢71)- Vipge ifm' =0andn< -1

0, otherwise.
Type (4.72b) contributions to Bésg and N3 6. When (4.72b) holds, we have
I /
1—q7! J(ce,tmre—i0x)n(—14mitre—a0x)

— —J A1+A2+j—a
Kl 2w (5 + 1)7 2w Euka d
1—z (1—2)(e4em)

N)\a—jd}(?ﬁ) (z, 1)

In the integrand, we have

2 J 1 2gMitAzti—a .
ord (w(s—i—)) =X—a—m' <A\ +2j—a—m' =ord ( “ Ens > .

= -2 +e)
Hence
; » —q ! if Ao —a—m' = —1;
2w (e 41) 2wMHretizag e q 7 HAzmamm ;
Kl , =¢1l—qt, ifdo—a—m >0;
Iz -2+ |
0, otherwise.

Suppose that Ay —a —m’ > 0. Then we have
j+d—a>j+m' >m.
Hence the non-emptiness of the set
(781 + w’\Q*jOX) n (71 + wﬂ'“raox)
implies that A — j = m/. Then j = Ay — m’ > a. This contradicts the condition

(4.72b).
Suppose that A\a —a —m' = —1, i.e. Ay =1 —m/ —n. Then we have

max {0,a — Az} =0 and max{)\s,a} = Ao.
Since j + A2 —a =j+m' —1>m/, we have
/ de
(—eetwP2=i0X)N(~14witm'~10%)
e (1—2g7h), ifda—j=j+m —1=m;
e (1—q™), ifdp—j>m/ =j+m -1
= (1—g7h), ifh—j=m/<j+m/ -1

, otherwise.

oK QK

Hence we have
N33O oy )T (1-2¢7Y)-Co(N) ifda=m'+1,j=1;
A ’ —(1=qY)-Cs(N) ifX>m/ +2,j=1 A —m'
Thus the condition for the type (4.72b) contributions occur, the contribution
to C;1- Bésé and the contribution to C;! - N g are given respectively by:

(4.102a) m>1, M=1-m'—n>>m +1;
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(4.102b) —(1=2¢7Y), if g =m/+1;
. _2(1—(]71)’ if Ao >m/ +2;
(4.102¢) ,(71)n+“)\” . (1 — 2(]71) . if A =m/+ 1
. C
(1N g (1= 1), i Ay >l £ 2,

Hence the type (4.72b) contribution to the function C;* - Béfg is given by:

(41033) — {2 (1 — qil) . ‘/(l—m’—n,m’-‘rl) — P(l—m’—n,m’+1)} s
ifm'>1and 2m’ +n <0

(4.103b) 0, otherwise.
The type (4.72b) contribution to the function C;! - Na ¢ is given by:

(4104&) - (71)71 {2 (1 - qil) ’ Wll—m,/—n,m,/+l) - P(/l—nl’—n,nl’+1)} s
ifm' >1and 2m' +n <0;
(4.104b) 0, otherwise.
Type (4.67) contributions to Bgs; and N> 3. When (4.67) holds, we have

N
1—g!

/ / " (—2w‘j (e+1)ey n 2w’\1+’\2+j_“€w€w€11> de de,.
—14wre—atio Jox - (1—-2)(c+ea)

In the integrand, we have

QoM treti—a N
Ord w 5#5
(1—x)(e+ey)

Ny TIPED () =

>:A1—A2+3j—a>0.

By a change of variable £ + 1 = w2 ~%*J§, we have

a=3,j,(2.3) _ AT / / —2w* %18
A (@) = 1—g! o 01/J 1= dd | de;.

Here the inner integral vanishes since

_2 )\2—61
ot () = j—a <o,
— X

Thus there is no type (4.67) contribution to Bgs?)) nor to Na 3.
Type (4.68) contribution to Bésg and N3 3. When (4.68) holds, we have

_ AT
=1,

i,M2,(2,3
N2 O ()
—9 i—a c a—i—MAo e 9 A +Ao+m—i - -1
[ o(EErmn et ),
Oox JOx*

1—x (1 —x) (g + wotm—Are—ig))

73
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By a change of variable ey = & + w®™~*2~i¢_ we have

A|_1 (_2wi—a 2w)\1+/\2+m—igugm)

N)\i’)\27(273) ($7M) — |

=

)

1—2z 1—2x

/ 1/)(72727)‘261) d€1.
Ox

Since Ao > 1, the integral vanishes unless Ay = 1. Thus the condition for the type
(4.68) contributions occur, the contribution to C! - Bés?), and the contribution to
C;1- Na 3 are given respectively by:

(4.105a) A1 > max{l—n,2—m-—n}, =1
A1+m+n—1 A1
(4.105b) - > Kh(zmh+l—i)=— > Kh(z,pmj);
=1 j=2—m—n
(4.105c¢)
A1+m+4n—1 A A1 ‘

> ()KL (wmh+1—i) = (=D (=1 Ky (2, p35) -
i=1 j=2—-m—-n

By Proposition 3.8, under the condition (4.105a), we have

A1
> Kh(w,pd) =

j=2—m-—n

Ky, ifm' =0,n>m+2,n>3, m—nis even;
—2¢7 1, ifm=0,n=m+12>3;
—q7 1, iftm'=0,n=m+1=2;
(m—n+1)—(m-n+3)q ', ifm' =0, m>n>3;
(m—1)—mqg™1, ifm’=0,m>1,n<min{2,m};
Ky, ifm'>1,n >4, nis even;
0, otherwise,
and
A1

(1) "z Kly, ifm'=0,n>m+2,n>4, niseven;
1+q7, ifm' =0, m>n>4,nis even;
=< (=1, itm' =0, m>2>n;
(—1)2 Kly, if m"> 1, n >4, nis even,
0, otherwise.

Hence the type (4.68) contribution to the function C;! - Bé‘g is given by:

(4.106a) =K1 Ly, if m =0,n>m+2,n>3, m—nis even;

(4.106b) 2¢7' Lpyy, ifm' =0,n=m+1>3;
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(4.106¢) ¢ Lay, ifm' =0,n=m+1=2;

(4.106d) — {(m—n—l— 1) —(m— n—|—3)q_1} Lagy, ifm'=0,m2>n2>3;

(4.106¢) —{(m—-1)—mg '} Ly, ifm' =0,m>n=1or2;
(4.106f) —{(m—=1)=mqg "} - La_n1y, ifm' =0,m>1n<0;
4.106g —Kly- L1y, ifm' >1,n>4, nis even;
(1,1)
(4.106h) 0, otherwise.
The type (4.68) contribution to the function C; 1 - N 3 is given by:
(-1)"z (11), ifm'=0,n>m+2,n>4, nis even;
(1+q ) Lzll), ifm’ =0, m>n>4,nis even;
(4.107) (=)™ L (1 1) ifm'=0,m>2n=1, 2;
( l)n (1 n,1)? ifm/:07m227n§0;
(—1)2 Kl - Liy 1y ifm’ > 1, n>4,nis even;
0, otherwise.

Type (4.73a) contribution to Bé 6 and N, 6. By the computation above, the
condition for the type (4.73a) contributions occur, the contribution to C;! - Béf%

and the contribution to C;! - N g are given respectively by:

(4.108a) m>2 AM=1-n>X=1;

(4.108b) —Z Kl (2,032 —n—14) = — Z Kly (2, 157) ;

j=2—m—n

(4108¢c) S (-1 Kl (w2 —n—i)= ()N ST (1Y Ky (2, 4:5).
1=2 j=2—m—n

By Proposition 3.8, under the condition (4.108a), we have

i Kl (x,p;5) = (m—1) (1—¢71)

j=2—m—n

and
Y CWRLEm)= Y (D (-a ) = (0,

sincen <0, —m < 2—m—n < —n and m is even in the second equality. Thus the
type (4.73a) contribution to the function C;! - Bg‘fé is given by:

(4.109) {—(m -1) (1 — q_l) “Pu_pn1y, ifm' =0,m>2andn <0;

otherwise.
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The type (4.73a) contribution to the function C; ! - N3¢ is given by:

(4110) {(—1)" (1—qY) Py, ifm =0,m>2andn<0;

0, otherwise.

Type (4.73b) contribution to Bé"g and Nag. By the computation above, the
condition for the type (4.73b) contributions occur is given by:
(4.111) AM>2-n, =L
By Proposition 3.8, under the condition (4.111), we have

Kly (z,p5M) = 0.

Thus there is no type (4.73b) contribution to Béfé nor to Na .

Type (4.73c) contribution to Bgfg and Nag. When (4.73¢) holds, we have

_ At
==

OX\(~1+w0) JO* - (1-2)(e+amey)

In the integrand, we have

2t g
d BT =A 0.
or ((1x)(s+wmsr)> 1tm>

N)\)\Q,)\Q,(?,G) (.’I}, /,L)

Hence
A —1
N0 (g ) = 1| | 71/
—q OX\ (= 1+wO)

(/oxw<—2w—12_(sx+ 1)51> d€1> i

where the inner integral vanishes unless Ao = 1. Thus the condition for the type
(4.73c) contributions occur, the contribution to C;! - Bé‘fé and the contribution to
C;1- Nag are given respectively by:

(4.112a) m>0, M=1-n>X\=1

(4.112b) —(1-2¢7");

(4.112¢) —(=1)HIM (1 —2¢71).

Thus the type (4.73c) contribution to the function C;* - Bé‘fé is given by:
i {0 e i <o

The type (4.73a) contribution to the function C; ! - N3¢ is given by:

(4.114)

—(=1)" (1 - 2q71) ~P('1_n 1) ifm’=0,m>2andn <0;
0, otherwise

since m is even when we consider N.
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s

Type (4.69) contribution to Bgég, and N3 3. When (4.69) holds, by a similar

computation, we have

ar+m— A '
N)\ + A2,X2,(2,3) ($7 | | / /
T 1-q¢ ox OX\(ET—i-wO)
—2w™m— Az 2 A2—m x
" ( w €1€2 -E _Wx Eu€afy 52 ) ¥ (_QW_)‘zgl) deq des.

By a change of variable 1 — 5152_1, we have

N @) (o A / VP —20" ey 4 2N e e
A s 1— q Ox 1—x

/ P (—Qw*&’ala?_l) deg | deq.
OX\(ex+wO)

Here

/ P (—2w”\25152_1) des
OX\ (62 +wO)

B {q1 {149 (20 tere; )}, if Ao =1
=%

otherwise.

When Ay = 1, we have

\Nl B

a+m—1,1,(2,3
N (2,3) ( T

X, ) = AL (@, ;1) + Klo (z, ;5 —1)} .

Thus the condition for the type (4.69) contributions occur, the contribution
c;t. Bésg and the contribution to C;! - N3 3 are given respectively by:

(4.115&) )\1 >1-— n, )\2 = 1;
(4.115b) —{Kl (z, p; —1) + Kla (@, p; —1) } ;
(4.115c¢) —(=1)" MK (2, s —1) + Kl (2, 5 —1)}

By Proposition 3.8, we have

Kl + Kls, ifm’=0,m=0andn=2;
—q '+ Klp, fm'=0,m>1andn=2;
—2¢7 1, ifm=0,m=0andn <1;
1—2¢71, ifm'=0,m>1andn <1;
Kl + Kls, ifm'>1andn=2;

0, otherwise.

Kly (z, p; —1) + Klo (z, 15 1) =
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Thus the type (4.69) contribution to the function C ! - Bgsg, is given by:

— (Kly + Kl2) - L1 1y, ifm’=0,m=0andn=2;
— (—q_1 + lClg) L1y, ifm' =0, m>1andn=2;

2¢7" L1, ifm'"=0,m=0and n =1,
(4.116) —(1—2q’1) L1y, ifm'=0,m>1andn=1;
' 207" La—n,1)s ifm’=0,m=0andn <0;

—(1—2q_1) “L—pyy, ifm’ =0, m2>1andn <0;
— (Kly + Kl2) - L1y, ifm’>1and n=2;
0, otherwise.

The type (4.69) contribution to C; ! - Ny 3 is given by:

— (Kl1 + Kly) 'LI(1,1)’ ifm'=0,m=0andn=2;
- (qul + ICZQ) 'L’(Ll), iftm’'=0,m>2andn=2;
—2¢~" - L{ 4y, ifm'=0,m=0and n=1;
-1 / : I __ —1-
(4.117) (1 —3(1 _)1- L(/Ll)’ ?f ml =0,m>2andn=1;
(=1)"2¢q ~L(17n’1)7 ifm'=0,m=0and n <0;
—(=D)" (1 —2¢71) Ly, ifm/ =0,m=>2andn<0;
— (Kl + Kl2) - Ly 4, if m' > 1 and n = 2;
0, otherwise

since m is even when we consider N.
Type (4.74a) contributions to Béfgj and N5 6. Similarly the type (4.74a) contri-
butions occur when

m>0, AM=1—-n>X=1.
Sincen =1— A1 <0 and m > 0, we have

Kly (x5 —1) + Klo (z, 5 —1) = 1 — 2¢7*

by Proposition 3.8. Hence the type (4.74a) contribution to C;! -Bgf% and the type
(4.74a) contribution to C;' - Na ¢ are respectively given by:

(4.118a) —(1=2¢7");
(4.118b) (=) HIM (1 —2¢71).
Thus the type (4.74a) contribution to the function C;! - B;‘fé); is given by:

(4119) { (1-2¢7) - Py_nay, ifm'=0,m>1andn <0;

0, otherwise.

The type (4.74a) contribution to the function C; ! - N3¢ is given by:

(4.120)

—(=)"(1—2¢71) ~P(’17n e df m' =0, m>2andn <0;
0, otherwise

since m is even when we consider N.
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Type (4.74b) contribution to Béi); and N3 . When (4.74b) holds, we have
_ AT / /
1= g7 Jox\{(—es+w0)U(-14+w0)} JO

" 2w 2 (e+1)e; 2w e, e pe]
1—x (1—2)(e+ez)

N)\)\z,)\g,(z,G) (.’L‘, /,1/)

> de deq.

In the integrand, we have

—2w 2 (e + 1) 2w e e 67
d| ———— ) =-m' - Xy <ord | ——"L— ) = —m/ + A\
o ( -2 TS AT ) (et en) mt A
Hence J\/AAQ’AQ’(ZG) (x, 1) vanishes unless m’ = 0 and Ay = 1. Thus the condition
for the type (4.74b) contributions occur, the contribution to C;1 - Béfg and the
contribution to C; ! - N g are given respectively by:

(4.121a) m=m'=0, \M=1-n>X=1
(4.121D) —(1=3¢7");
(4.121c) —(=1)" (1 = 3¢71).

Thus the type (4.74b) contribution to the function C; 1 - Bgfg is given by:

(4.122) {_ (1-3¢7") - Papyy, ifm'=0,m=0andn<0;

0, otherwise.
The type (4.74b) contribution to the function C;! - Na ¢ is given by:
(4129) {—(—1)" (1=38¢71) - P}y, ifm' =0, m=0andn <0;

0, otherwise.
Type (4.70) contribution to Bésg and N3 3. When (4.70) holds, we have

_ AT
=1

- —a+m -1
/ / w (_2w A2 (5+ 1) £1 N 9o 1 H2A2—a+t Ep€x€y > de de.
tw2re—ao Jox 1—=z (1 —2)(e+ w™ey)

In the integrand, we have

Ord 2w)\1+2)\27a+m5#6m
(1—2)(e+wmey)

By a change of variable £ + 1 = w?*27%§, we have

e e (2.3) B |A|71 .qa—2>\2 / / —2w>\27a51(5 as) d
NA (xay’)* 1_q_1 o Ol/f 1_x £1-

Here the inner integral vanishes since Ay —a < 0 and thus

N)\afAQ}Az,(?ﬁ) (w, 1) = 0.

—A2,22,(2,3
Ny @3 (2, )

>)\1+2)\2a+m>0.

Hence there is no type (4.70) contribution to Bégg), nor to Na 3.
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Type (4.75) contribution to Béfé and N5. When (4.75) holds, as above, we
have

DA (2,6) B |A|71 . qa72)\2 / / 72w)\27a51€2 d d
N)\ (I,,U)— 1_q_1 Ox OXIZ’ 1— 2z €2 €1

and the inner integral vanishes unless A\s — a = —1. Hence the condition for the

type (4.75) contributions occur, the contribution to C;! Bésg and the contribution
to Na g are given respectively by:

(4.124a) m =0, M=1-n>X>2
(4.124D) —(1—=q');
(4.124c) — (=) (1 — 7).

Thus the type (4.75) contribution to the function C;! - Béf()i is given by:

(4.125) —(1=a7") Viong, ifm =’0 and n < —1;
0, otherwise.
The type (4.75) contribution to the function C; 1 - Ny is given by:
n -1 / . ; )
(4.126) —(=1) (1 -9 ) ’ ‘/(1—n72)7 if m —.0 and n < —1;
0, otherwise.

Type (4.71) contribution to Béég and N> 3. When (4.71) holds, we have

A -1

Na-i-m A2,5,(2,3) (z,p1) = 1| |
—q

/ / = AQHW?J-)& TR D
ox Jox 1—x (1_1') (€Z+wj_A2€)
Making a change of variable g5 = &, + @/~ *2¢, we have
+m—X2,5,(2.3 N
Nam 2,J,( )(7/1'): 1_q_1

» —2w™ Ie1eg + 29 e e peT T L
/ / —2w e + peeml T2 dey des.
Ox Jep4wi— )\20)( 1—=x

Another change of variable ¢1 — €1e5 ! gives

. -1 —Xa+j m—j j—n -1
—22.jr(2,3 A7 g 2™ Ve + 2wl e E0E
Mam 2,5,( )(x, ) | |1 / w( - n€xrq
—q Ox -

/ P (—2w7j€1€2_1) dey | dey.
extwI—r20X

Here the inner integral is given by

Sat@/ 720X ’ 0, otherwise.
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Hence the condition for the type (4.71) contributions occur, the contribution to
c;t- Bgs% and the contribution to C;! - N3 3 aregiven respectively by:

(4.127a) M >2-n, A=1;
n4+Aq —2
(4.127b) =3 Kly(z,m—j)=— > Kly(a,mi);
j=2 i=—n—X\;
(4.127¢)
n—+A1 ‘ -2 ‘
= D) Ky (2, =) = (D) (1) Ky (@, )
j=2 i=—n—X\1

By Proposition 3.8, we have

Kly ifm/ =0,n >4, nis even;

—2
(4.128) Z Kla (x,p;8) =  Klp  if m' > 1, n > 4, nis even;
i=—n—X1 0 otherwise
and
9 (=1)2 Kly if m' =0, n >4, nis even;
(4.129) > (-1 Kl (2, p3d) = { (~1)F Kla if m/ > 1, n >4, n is even;
i=—n—2X 0 otherwise.

Thus the type (4.71) contribution to the function C ! - Bgég is given by:

(4.130) {ICIQ “L1,1), ifn >4 and n is even;

0, otherwise.
The type (4.71) contribution to the function C;! - N3 is given by:
(4.131) {(—1)5 Kly - Liy ;), ifn>4and n is even;

0, otherwise.

Type (4.76) contribution to Béfé and Ny . By the computation above, the con-
dition for the type (4.76) contributions occur is given by:

(4132) Al Z 2 — n, )\2 =1.
By Proposition 3.8, under the condition (4.132), we have
Klg (z,p;—n — X)) = 0.

Hence there is no type (4.76) contribution to Béfé nor to Na .

Proof of Lemma 4.20. Adding up (4.96), (4.106), (4.116) and (4.130) for Béi%,
and, (4.97), (4.107), (4.117) and (4.131) for N> 3, respectively, we verify Lemma 4.20
in all cases.

Proof of Lemma 4.21. Adding up (4.100), (4.103), (4.109), (4.113), (4.119),
(4.122) and (4.125) for By, and, (4.101), (4.104), (4.110), (4.114), (4.120), (4.123)
and (4.126) for N ¢, respectively, we verify Lemma 4.21 in all cases. (I

Now we may evaluate the functions Bés) and N> on P by (4.59) and (4.60)
respectively.
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Evaluation of Bgs) and M.

LEMMA 4.22. We have Af\’j (e) € As if and only if one of the following condi-
tions holds:

(4.133)  a+m' =X +2, i=a+m—-1>1, j=1 c€—g,+w20;
(4.134)  a+m' =X +2, i=1 j=a—-1>1, e€—-1+m0.

PROOF. By considering the determinant, we have a — Xy +-m' = 2. It is clear
that we have min {7, j} = 1 by looking at the first row of A}’ (¢). Suppose that
7 =1. Then

(we + w‘”mﬂ-ez) w2 e wO

implies that a +m —i = 1 and € € —¢, + @*2O. Conversely suppose that (4.133)
holds. Then we have

(@ et w* Nw ™ =@ (1-2)+ @t 7 (e +e,) € WO

and hence Ai’j (€) € Asz. The other case is similar. O

LEMMA 4.23. (1) The function B:(f) on P is evaluated as follows.
(a) Whenm’ =0 and n <1, we have

Cgl . B:(;) = *2(]71 . ‘/(Q—n,l)'
(b) When m’ > 1 and 2m’' +n < 1, we have
Cgl ' Béé) = 72q71 : ‘/(2—m'—n,m') + qil : P(2—m’—n,m’)~
(¢) When m' > 1 and 2m’ + n = 2, we have
Ot By =Kl Plage noa).
(d) Otherwise the function Bés) vanishes.

(2) The function N3 on P} is evaluated as follows.
(a) Whenm’ =0 and n <1, we have

Cit Ny ==2(=1)"q"" - Vo, 1)
(b) When m’ > 1 and 2m’' +n < 1, we have
Cs_l 'N3 =-2 (_1)n q_l : ‘/(/27m’7n,m’) + (_l)n q_l : P(/27m’7n,m’)'
(¢) When m' > 1 and 2m’ +n =2, we have

O(:l‘-/\/g%:/Cll'P(/u 2oy

2 02

(d) Otherwise the function N3 vanishes.

PROOF. Since the proofs are similar, here we prove only for Bés).

We note that a +m’ = Ay + 2 is equivalent to \; = —m’ —n + 2. We also have
Ao = m' +a— 2 where a > 2. Since A\; > \g, the function Bgs) vanishes unless
—-m' —n+2>m ie,n+2m <2. When m’ =0, we have \{ = —n+2 > 1 and
hence n < 1.
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When m/ =0 and n < 1, we have a = Ao + 2 > 3. Hence i # j in (4.133) nor
(4.134). Thus

B () =Co(V) (1-q7") [Alg™
. {N)\a+mfl,1,(3) (2, ) + N L1 (m,u)} — 2O ().

Suppose that m’ > 1 and 2m’+n < 2. Since a—1 = Ay —m/ +1, the conditions
(4.133) and (4.134) coincide if and only if Ay = m’. Hence when A\; = —m/—n+2 >
Ao > m/ + 1, we have

B (N = —2¢7"-C, (V).
When \; = —m/ —n+ 2 > Ay = m’, we have
BY (V) =—a- O (V).
When Ay = —m/ —n+ 2 = Ay = m’/, we have
s _ m’ 11,03
B () =0 (1=a7") [Alg™ MU (@, )

, 2 m’—1 2 m’'—1
=Cy(\) ¢™ / ki 22— 2 St g
71+w7n’o ]._£E 1—£U

2™ e c 2= e, Lo
11—z 11—z

fore e -1+ wm/(’), we have

Since

)

1—2x

—2™ 1 2™ g,
1—2

BY (V) = C (V) - K (
Here we note that m’ —1 = —% and Kl; = Kl by (3.6). O

Evaluation of B{* and Nj.

LEMMA 4.24. Suppose that \y = Ao. Then we have Ai’j (€) € Ay if and only if

(4.135)

2_ —n
2”<m’7 i=j=1 cec-1+w 0.

PRrROOF. It is clear that « = j = 1. Then (ws + w“fl) w2 € wO implies that
a=2and e € -1+ w*O. Hence n is even and A\ = Ay = Q_T" Since Ay > 0, we
have n < 0. By considering the determinant, we have a — Ay +m/ = ";2 +m' > 2,

ie., m > 2_7" Conversely when (4.135) holds, we have m = 0, since m’ > 0 and

n<0, niseven, A ==

(we + wey) o' = (we + w) @' — (w — wey) @7 € wO.

Hence we have A}\’l (e) € Ay. O

LEMMA 4.25. (1) The function Bff) on P is evaluated as follows.
(a) Whenm/ > 1, 2m/ +n >4, and n <0 is even, we have

;1 BiY = Kby - Paon 220y,

(b) Otherwise the function Bff) vanishes.
(2) The function Ny on P} is evaluated as follows.
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(a) Whenm/ > 1,2m' +n >4, and n <0 is even, we have
C ! N4_Kl1 2 n 2—n -
T3

(b) Otherwise the function Ny vanishes.

PROOF. When m/ > 1, 2m/ + n > 4, and n < 0 is even, for A = (252, 252),
we have

BN =N =C (V) (1—g¢7Y) |1Al¢ = NPV (2, )

—2w2 QWTEMé‘x _
/ - (1_90, ax )ds—Os()\) Kis.

4.2.3. Evaluation of B®) and N.

PROPOSITION 4.26. The function B®) on P is evaluated as follows.

(1) Suppose that m' = 0.
(a) Whenn >m+ 2, we have

C;t B =2(Kly + Kl2) - Lo,y + {(n — 1)Ky + (m +n — 1)Kla} - Poo)
— 2 (Kly + Klz) - Ly
(b) Whenn=m+ 12> 2, we have
C;tBW =—-2(2¢7" —Klz) - Lgoy +2(n — 1) (Kla — ¢7 1) - Pioo)
+2(2¢7" = Kla) - L(1,1y.
(¢) When m >n > 2, we have
C;t B =—2l—(m-n+1)+(m-n+3)g ' =Ko} L
+[n-D{m-n+1)—(m—-n+3)¢g '} + m—&—n—l)IClg} - Po,0)
+2{-(m—n+1)+(m-n+3)qg " =Kz} L.
(d) When n =1, we have
C;1BY =207 Pooy— (m+1)g " Pagy+2{m—(m+3)q'} Ly
—2¢7" Pay+2{-m+(m+2)q '} Ly +2¢ " L.
(e) When n <0, we have
C;t B =2¢7" La-ns—n—21=¢") Lo—pa-n) — 2 La—ni-n)
+2- Vo +2(1-a7") Viano — 207" Viz-n)
+{01=m)+(m+1)g '} Papyy+2{(L—=m)+(m+1)g '} Lo_py
+(m—=1)- Py +2{m—(m+1)g "} Pi_no
+{2(m+1) = (3m+5)g "'} Po—noy +2{(m+1)— (m+3)q" '} - Liz_n,0)-
(2) Suppose that m’ > 1.
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(a) When 2m/+n > 2, the function B®) vanishes unless n is even. When
n is even, we have

C’;l .BG) =
{(’Ch + Kls) {—2 Ly +2- Loy + (n—1)- P(O,O)} , ifn>2;
Ky { =2 Lisge sn) + Pagn 2y = Piap gy +2 Ligp o | #0 <0

(b) When 2m' +n =1, we have

C;l . B(s) = 2(]71 . L(m/+2,m/+2) + 21]71 : L(m’+1,m’+1) - 2(]71 : P(m’+17m'+1)
- q_1 : P(m’Jrl,m’) - 2q_1 : L(m’,m/)
+207" Pl —1mr-1) + 47 Pl awr—1) = 247+ L —1m0-1)-

(¢c) When 2m' +n <0, we have

Ot -BY =27 Lo gy —2(1=47") - Lo —n2mrm)
=2 - La—m'—n1-m'—n)
+ 2 Vicm—nmy + 20 =a01) - Vacm—nmy = 267" Viemm/—n,m)
+ Piu—m—nm+1) T2 Lo—m/—nm/+1)
~ Plernmy + (2= 07) - Pocmr—nmy +2 (1= ¢7") - La—mrmn,m)
—q " Pacm—nm—1) — 207" Lo —pymr—1)-

PrROOF. By Lemmas 4.15, 4.17, 4.18, 4.20, 4.21, 4.23 and 4.25, we may evaluate
B®) | p+. Together with Proposition 4.11, we have the proposition. (I
+

Similarly we may evaluate N as follows. Here we recall that m is even when
we consider N.

PROPOSITION 4.27. The function N on PY is evaluated as follows.

(1) Suppose that m’ = 0.
(a) When n > 2, the function N on P wvanishes unless n is even. Sup-
pose that n is even.
(i) When n > m, we have
OV N ={ ()" K+ (“D)E K- (2- Ly + Plogy + 2+ Lirg) ) -
(ii) When m > n > 2, we have
CoVN={(1+q ") +(-1)2Kl} - (2 L1y + Py +2- L’(LO)) :
(b) When n =1, we have

ClN=q" <*2L/(2,2) +2P( 4y —4- Ligyy — Pl — 2L/(Q,o)) :
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(¢) When n <0, we have

Cs_l N = 2(_1)71 {q_l : L237n,37n) - (1 - q_l) ! L227n,27n) - Ll(lfn,lfn)}
+(=1)" {(1 - 3‘171) ’ P(/l—n,l) +2 (1 + qil) ’ Lzl—ml)}
+ (_1)7L (P(/fn,O) + 2L217n,0)) - (_1)nq_1 (P(/27n70) - 2L227n,0))

. {2<—1>" (V= Vi + (0= a™) Vi } o ifn< -1
(—2¢7") - V(/2,1)v if n=0.
(2) Suppose that m' > 1.

(a) When 2m' +n > 2, the function N vanishes on Pt unless n is even.
When n is even, we have

O;l../\/':

(—1)% (Kl + Kla) - (2 Ly 1) + Plooy +2- L1 ) ifn > 0;
Kl | P! 2.1 .y —92.I ., ifn<O.
1(("’;1,22”)+ (53) T (33) ()) s

(b) When 2m’ +n =1, we have

CilN=-2¢" ( (mt2,m42) T Ll(m’+2,m/+1)>
+ 47 Pty + 2 Loy ) + 47 (24 L1y = Plowrarr—y) -
(¢c) When 2m' +n <0, we have
C;t N =
21" IV + (1= 07 Vi mmmrety = € Vs }
+2(-1" {0 Loy = (0= 07 Loz |
=2(=-1)"- Ll(l—m’—n,l—nz’—n) +(=1)" (2 : Ll(l—nz’—7L,7n’+1) - P(ll—nL’—an'-‘rl))
+(=1)" {2 (1—-¢7")- e —nm’y — Pl —nmry + q ! 'P(/me’fn,m’)}
— (=gt (2 : L/(1—mf—n,m'—1) - P(/l—m’—n,m’—l)) :
PRrROOF. By Lemmas 4.15, 4.17, 4.18, 4.20, 4.21, 4.23 and 4.25, we may evaluate

N| Pt Combined with Proposition 4.12, we have the proposition. O

4.3. Matching

Let us prove Theorem 2.19, the extension to the Hecke algebra of the funda-
mental lemma for the first relative trace formula in [8].

By Proposition 4.2, the function N vanishes when m = ord (z) is odd. We
also note that the functional equation (3.16) for B(*) and the one (4.2) for N are
compatible with (2.55). Hence it is enough for us to verify (2.55) when m is even
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and m > 0. Moreover we may rewrite (2.55) as
(4.136) (c;l -B(“)) W= > aw (C7N)(N) for Ae P*.
NeprP+

Thus our task is to compute the right hand side of (4.136) explicitly and to compare
it with Proposition 3.26 which explicitly evaluates the left hand side of (4.136).

DEFINITION 4.28. For a function f: PT — C, we define S(f) : P™ — C by

3
S(H =3 S
i=1

where

(4.137a) [S1NT A d2) = FOnLA) + Y 2 (A X),
0<A, <A

(4.137b) [Sa(A] A de) = Y 2f(Aa—1,M),

0<AL<Ag

(4.137c)  [Ss(N (A = Y (25 QL )+ D 4 (A, M)

A2 <A <Ay 0<AL <Az
By Corollary 2.9, we have
S(HHN = > axx f(X) for Xe PT.
Nep+
Hence our task is reduced to prove
(4.138) C;t-BYW=S8(C7tN).

In order to compute the right hand side of (4.138), we observe the following
lemma.

LEMMA 4.29. Let (a,b) € PT.
(1) We have

(4.139) S (P(’a,b)> =2(=1)"*" Liay1a41)

+ (=D (Papy + 2 Lgar1) +2 Y, (Plai) + 2 Liasr,i))

b<i<a

(2) We have
(4140) S (Viuy) = {1+ (1"} Liasr.ar)

+ (=1)+t Z (Playiy + 2 Las1,i)) -

b<i<a

(3) We have

(4.141) S( /(a,b)) — (_1)a+b L(a,b) + Z 2L(a,i)

b<i<a
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PROOF. For (A1, \2) € Pt we have

(—=1)**b if \; = a and Ay = b;
$1 (Play) (s d) = 42(-1)™, i A =aand b< X < o

0, otherwise,

2(—=1)a*l, if Ay =a+ 1;

S (P’ ) A Ag) = ’ ’
2 (Plan) Q1 22) 0, otherwise,

2(=1)7*b, if A\ >a> Ay = b
S ( (a, b)) (A1, A2) =4 (=12 if Ay >a > Ay > b;

, otherwise.

)

Hence

S (P(/a,b)) ( )a+ P(a b) + 2 a+b Z P(a i)

b<i<a
Sy (P(’a,b))

S3 (P(a,b)) =2(=1)"" | Lg41) +2 Y Lat1y)

b<i<a

2 (_1)a+b : L(a+1,a+1)7

Thus we have (4.139).
Since

/ _ ’
View = D Plaiy

b<i<a

the equality (4.139) implies that

S (%M) =2( > (1| Ligsrat

b<i<a

+ Z a+l P(a,i) + 2L(a+1,i)) +2 Z (P(a,j) + 2L(a+1’j))

b<i<a i<j<a

By changing the order of summation, we have

S (V(/a,b)) =2 Z (_1)a+i 'L(a+1,a+1)

b<i<a

+ Z ( )a-&-z +2 Z a+k . P(a,i) + 2L(a+1,i)> .

b<i<a b<k<i
Here we have
2 Z (—1)*T =1+ (=1)*™ and 1)o+i 4 2 Z 1)atk — (Z1)etd,
b<i<a b<k<i

Thus (4.140) holds.



For (A, A2) € PT, we have

Sy ( ab)) (M, A2) =

Sa (L/(a,b)) (A1, A2) =

S3 ( (a b)) (A1; A2) =

Here we have

2. =

a<i<Ai
A2 <i<A1
Hence

(=

S3 ( (a, b)) (A1, A2) = 2

4.3. MATCHING

(=1)MFl if A\ >aand Ay = b;
2(—1)MFl if Ay > a and Ay > b;
0, otherwise,
—2(=1)22Flif Ny > a4 1;
0, otherwise,
2 ) (D A >a> A =b
a<i<Ai
43 (=) A >a> N > b
a<i<A1
43 (=D A > A >
Ao <i<As
0, otherwise.
i _ (D= (e
2 )
R Vs
2
1)a+e — (—1)MFb if \; >a >\ =0
{(=D)* — (=)M TP, i A > a > A > b

2{(-1) A2+b — (=DM A > A > a
0, otherwise.
Therefore
51( (a, b)) (=DM Ligp + Z —)MF L, z)+z2 DMFLG .
b<i<a i>a
S2 (Lian) = =2 D(-102* Ly
i>a
and
S3 ( ) = {(=D)** = (=M} | Liagrp) + Z 2Ly,
b<i<a
)\2+b

Since

+2-> {(-1

i>a

1))\1+b} . L(i+1)i)-

S3 ( (ab)) {(=1)*> — (=) FPh - | Ligy) + Z 2 La,i)

b<i<a
)\2+b

+2-3 {(-1

i>a

1)>\1+b} : L(i,i)?



90 4. SPLIT BESSEL AND NOVODVORSKY ORBITAL INTEGRALS

we have (4.141). O

PROPOSITION 4.30. Let x € Op \ {0,1} and p € F*. Let m = ord(x), m’' =
ord(1 — z) and n = —ord(p). We assume that m is even.
For a given pair (x, 1), the function S (C’S_1 N) on P is evaluated as follows.

(1) Suppose that m' = 0.
(a) When n >3 and n is odd, we have S (C5'-N) =0.
(b) When n > 2 and n is even, we have

m

P(O}O) . (—1) 7 ’Cll + (—1)% . ICZQ}, zfn >m;
Pogy- {1+¢ "+ (-1)* ~IC12}, if n < m.

(4.142)  S(C;'-N) =

(¢) When n =1, we have
(4.143) S(CSM-N) =q " Pa).
(d) When n <0, we have
(4.144) S(C7MN) = (Pno) — Pan) — ¢ (Pa—n1) — Po—no) -

(2) Suppose that m' > 0.
(a) Whenn > —2m’ +3 and n is odd, we have S (C;'-N) = 0.
(b) When n > —2m/ + 2 and n is even, we have

Po,0) - (_1)% (Kl + Kl2), ifn>0;
{P(fn )= Plazs 2;)} Kls, ifn<0.

n
20 2 2 2

(4.145) S(CH-N) = {

(¢) When n=—2m'+1, we have
(4.146) S(C7HN) =q " (Pows1,m) — Pt omr—1y) -

(d) When n < —2m/, we have

(4147) S (C;I ’ N) - (P(—m’—n,m’) - P(1—7rL’—n,7rL’+1))
- q_l (P(lfm’fn,m’fl) - P(27m’7n,m’)> .

ProOOF. By Proposition 4.27, we have S (Cgl N) =0, when 2m’ +n > 3 and
n is odd.
Let us prove (4.142) and (4.145). By (4.139) and (4.141), we have

S (2 Ly )+ Plyg +2 L’(LO))
=2La1y + (2Lay + Pooy +2Lao) +2(-Laoe —2Lay) = Poo

and

S (P(/c+1,c+1) +2 Lo — Pl — 2Ll(c+2,c+2))
= (2L(ct2,042) + Pletie+1) + 2 L(cr2,e41)) + 2 Liee)
= (2L(ct1,041) + Pleey + 2 L(et1,0)) — 2 Liet2,042)
=— Pet1,e+1) + Plee)-
Thus (4.142) and (4.145) hold by Proposition 4.27.
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Let us prove (4.143). We have

S (—2 Loy + 2Pl 1y — 4L}y — Pl — 2 L’(Q’O))
=—2L02) +2(2Le2 + Pay +2Ley) —4Lay
+{2Le2 + Puo) +2Leo +2(Pay +2Len)
—2(Lzo) + 2Ly +2 L)
—P).

Hence (4.143) holds by Proposition 4.27.
Let us prove (4.146). When m' > 1, we have

S (—2 L/(m/+2,m/+2) - 2Ll(m’+2,m’+l))
= - 2L(m’+2,m’+2) +2 (L(m’+2,m’+1) + 2L(m'+2,m’+2))

=2 (Lim42,m'+2) + Lmr+2,m/41)) 5

S (P(’m,ﬂ)m,) +2 L’(m,,m,))
= - (2L(m’+2,m’+2) + P(m’+1,m’) + 2L(m’+2,m’) + 2P(m’+1,m’+1) + 4L(m’+2,m’+1))
+2 L(m’,m’)
== 2L omt2) = 2 Panit1,mi11) — 4 Lni2,mi 1) + 2 Pinsmey + Plns41,m0),5

S (2 Ly 1) — P(’m,,m,_1)>
= =2 (Lo 1) + 2 Lignr,mn)

+ (2 L(7)'L/+1,m/+1) + P(m’,m’—l) + 2L(7n’+1,m/—1) + 2P(7n’,m/) + 4L(m’+1,m’))
:2 L(m’+1,m'+1) —_ 2P(ml’m/) —_ P(m/’mlil).

Thus we have
/ /
+ S (2 L(m’,m/—l) - P(m’,m’—l))
:P(m’—i-l,m’) - P(m’7m’—1)~

Hence (4.146) holds by Proposition 4.27.
Let us prove (4.144). Suppose that m’ = 0 and n < 0. Put a = —n. By
Proposition 4.27, we have

Ogl'N:fa_qilga

where

Fo=—2(-1)" ( (a+2.042) T Ll(a+1,a+1)> + (=1 <P(Ia+1’1) + 2Ll(“+171))

21 (Vi) + Viasry) » 0 < —1;

+ (=1 (Plag) + 2 L{asr0)) +
(a0) 2@ L0 ) ) o, ifn =0,
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Ga = —2(-1)" (L/(a+37a+3) + Ll(a+2,a+2)) +(=1)* (P(/a+1,1) - 2L2a+2,1))

2(-1)° (V(/aJrQ,l) + V(,a+1,2)) o ifn <=1

+(71)a (P/a 2La )
(a+2,0) (a+2,0) 2‘/(/2’1), ifn=0.

We have
S |:72(71)a ( /(a+2,a+2) + L/(a+1,a+1)):| = 72(71)04 (L(a+2,a+2) + L(a+1,a+1)) )

S [2( n* (L/(a+1 T L(a+1 0))} —2 (L(aJrl,l) + L(a+1’0))

and

S [(‘Ua (P(/a+1,1) + P(/a,O)):| =2 (L(at2.at2) + Liat1.at1))
+ (Plat1,1) + Pa0) +2 (Lias+2,1) + Lat1,0))
+2 Z (Plat1,i) + 2 Liat2,)) +2 Z (Plajy +2Lat1,5)) -

1<i<a+1 0<j<a
Hence when a = 0, we have
S (Fa) = =2(Lay + Law) + (Puy + Poo) +2 (Ley + Lao)
= Po.o) = Py
Suppose that ¢ > 1. Then since

) [2(_1)a (V(/a+1 o)+ Viaa )} =2{(=1)" =1} (L(at2,a+2) + La+1,a+1))

2 > (Platri) +2L@s2i) =2 > (Pag) +2L@iry)

2<i<a+1 1<j<a
we have
S(Fa) = =2 (Lat1,1) + Lat1,0) + (Plat1,1) + Playo)) + 2 (Liat2,1) + Liat1,0))
= Pa,0) = Plat1,1)-
As for S (G,), first we note that we have

S {_2(_1)(1 (L,(a+3,a+3) + Ll(a+2,a+2))} = _2(_1)(1 (L(a+3,a+3) + L(a+2,a+2)) 5

S [_2(_1)a (L/(a+2,1) + Ll(a+2,o))} =2 (L(a+2,1) + L(a+270))

and

S |:(_1)a (P(/a-i-l,l) + P(/a+2,0)):| =2 (L(a+2,a+2) + L(a+3,a+3))
+ (Plat1,) T2 Liar2,n)) + (Plat2,0) + 2 Liats0)

+2 Z (Plat1,i) + 2 L(gt2,)) +2 Z (Pla+2,j) + 2 L(ats,5)) -
1<i<a+1 0<j<a+2

Suppose that ¢ = 0. Then since

S (2 V(Iz’l)) =-2 (P(2,1) +2L31)+ Pz + 2L(3,2)) )
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we have
S(Ga) = =2(L21y + Li2,0)) + (P +2L21)) + (P0) +2 Lz )
= Payy — Peo)-
Suppose that ¢ > 1. Then since
S [2(—1)a (V(Ia+2,1) + V(Ia+1,2)ﬂ =2{(=1)" =1} (L(at3,a4+3) + L(a+2,a+2))

=2 > (Plasri) +2Las2) =2 D (Plat2s) +2Lass) >

2<i<a+1 1<j<a+2

we have

5(Ga) = =2 (Lia+2,1) + La+2,0)) + (Plat1,1) + 2 Liat2,1) + Pla+2,0) + 2 L(a+3,0))
= Plat1,1) — Pla+2,0)-

Thus (4.144) holds.
Let us prove (4.147), the last case. Suppose that m’ > 0 and 2m’ +n < 0. Put
a=—m' —n and b = m’. Then by Proposition 4.27, we have

(-t et N =2 {V(/a,b) F (=g Virppny —a V(/a+2,b)}
+2 {qfl ‘ Ea+3,u+3) (1~ qil) 'L2a+2,a+2)}
— 2 Ligp1,041) + (2 “Ligs1p41) — P(/a+1,b+1)>
+ {2 (1- q_l) : Ll(a+1,b) - P(/a,b) +q " P(/a+2,b)}

—q! (2 : L’(a+1,b—1) - P(/a+1,b—1)) .
Thus we have
CoV N =Fup) — 0 " Glan
where
(_1)a+b Flap) =2 (V(Ia,b) + V(/¢1+1,b+1)) -2 (Ll(a+2,a+2) + L2a+1,a+1)>
+ (2 “Llgs1p11) — P(/a+1,b+1)) + (2 Liat1p) — P(/a,b))
and
(1) Grap) =2 (V(/a+17b+1) + V(Ia+2,b)> -2 ( (a+3,a+3) T L2a+2,a+2))
+ (2 Liat1p) — P(/a+2,b)> + (2 Ligt1p-1) — P(/a+1,b71)) :
Here we have
(=) Grapy — (=1 Fras1p-1)
=-2 (P(/antl,bfl) + P(,aJrl,b)) + 2Py +2 P11 = 0.
Thus in order to prove (4.147), it is enough for us to show that
(4.148) S (Flap)) = Plab) = Plat1.s41)-
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By (4.140), we have
S [2(_1)a+b (V(Ia+1,b+1) + V(/ab)ﬂ
=2 {1+ (-)*"*"} - (Lias2,042) + L(at1,a+1))

+2 0 > (Plasri) T 2Ls20) +2 Y (Plag) +2Las1)) -
b1<i<a+1 b<j<a

By (4.139) and (4.141), we have

S [_2(_1)a+b ( 2a+2,a+2) + L2a+1,a+1))i|
= —2(-1)** (L(a+2,a+2) + L(a+1,a+1)> )

S {2(_1)a+b (L/(a+1,b+1) + L,(a+1,b))} =2 (L(a+1,b+1) + L(a+1,b))
and

S |:_(—1)a+b (P(/a+l,b+1) + P(/a,b))i|
=-2 (L(a+2,a+2) + L(a+1,a+1)) - (P(a+1,b+1) + P(a,b)) -2 (L(a+2,b+1) + L(a+1,b)>
-2 Y (Pariy+2L@ar2s) =2 Y (Plaj) +2Lt1) -

b+1<i<a+1 b<j<a
Hence
S (Fapy) =2 (Parrpsn) T 2 Lar2pt1)) +2 (Plap) + 2 Liat1y)
=2 (L(at1,041) + Liat1.0) — (Plas1,641) + Plap) — 2 (Lias2,641) + Lat1,p))
=Plap) = Platip+1)
and (4.148) holds. O

By comparing Proposition 4.30 with Proposition 3.26, we verify (4.138) in all
cases. Thus Theorem 2.19 holds.



CHAPTER 5

Rankin-Selberg Orbital Integral

In the first section we evaluate the degenerate Rankin-Selberg orbital integral
I(\;s,a) defined by (2.52). In the second section we verify Theorem 2.20 and
Theorem 2.21, the matching theorems for the fundamental lemma for the relative
trace formula in [6].

5.1. Preliminaries

5.1.1. Rewriting the integral. By the Iwasawa decomposition
H= NHTH KH where KH = H(O),

401
! ! X
Noe=qloo0l0 | lzyeFp, Tp=32"(0%%0 )12 bce F*p,
0y0l 0001
on

a Haar measure on H is given by |c|? dny dty dky. Then we may rewrite (2.52) as

I(/\;S,a)Z/Z/N F/(FX)zE[L((g CéT)’(%C ?))_1 nSan/\]

w (=) (n) 9 (—saz) 6 (s (1 — a)be)  (b)
W (sabe™") W (s(1—a)b~'c™") |c[?d*bd*cdx dndz.
Here the condition that the similitude

—1
b bc 0 _ 11—
(8 )5 ) mere] et o

implies that ord (¢) = ord (22b™1) +||A|| where [[A]| = A1 4+ X2 for A = (A1, X2) € PT.
Thus we have

I()\;s,a):q_QH’\“(S_l( NI /F// [ ) b (=saz) w (0)
(0 ‘Tfli—lb) o ) Wﬂ

W (wwuusab%fz) W (w—lwls(l _ a),ﬁ) 1226712 4% bdx dn d* -.

(1]

Replacing b by zb~!, we have

I(%s,a) = g2 571 (g /F// ) (saa) (27
) (5 e

W(w—uxusabfz) W( “INlg (1 = a) 2~ ) |2b]2 ¥ b dz dn d* 2.

95
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For b,z € F* and z,y € F, let

b —bx oM 0\ (5Y 6 o) a
(5.1) Ax(bazw’y)—L((o wuu,l)’( 0 2)) " \884,0) %

wlMb @b (y — sx) —bx 0

B 0 w25zt 0 0

- 0 wM2b s wIMp=t 0
wllMz w’\lyz —s_lyz wrs7lz

Then we have

I()\sa)—q2“>“|§1( ”>‘”sl—a /FX////FX (y — sax)

k(2071 E[Ax (b2, 2,y) (w0
W (w*HMIsazf ) W( Il (1~ q) 2~ ) |zb\2dxbdw dy dud* z

where U denotes the unipotent radical of the upper Siegel parabolic subgroup of
G. Replacing u by @ uw™>, we have

(5.2) I(\;s,a)=q 2IAI=32 571 (wws(l ’a)) /F /U/F/F/F

Y (@t uw ) ¢ (y —sazx) & (2b71) Z[Ax (b, z,2,9) U]
w (wiH)‘Hsale) w (w7|l/\‘|s (1—-a) 272) |2b|2 d*bdx dy dud™ .
Let us examine the support of the integral (5.2).
LEMMA 5.1. For the matriz Ay (b, z,x,y), we have
(5.3) Ay (b, z,z,y) u € K for someu e U

if and only if

(5.4) max {[b], [2]} = ¢/,
(5.5) max {|@™b (y — sz)|, | s, | b 8|, [wMy2|} < 1,
(5.6) max {|whsbz*1|, |l AN gz |whzrlsz|} ~ 1

PrOOF. By Lemma 3.12, the condition (5.3) is equivalent to (5.4), (5.5) and

(5.7) max{|w)‘15bzfl|, | s, | IMH e sbez), |w)‘1b7152|} =1.

By noting that (w* sbz™!) - (@b lsz) = (w)‘ls)z, the condition (5.6) is equiva-
lent to the condition (5.7). O

From (5.7), we have the following vanishing condition on I (); s, a).

LEMMA 5.2. The orbital integral I ()\;s,a) vanishes unless |s| < g™.
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5.1.2. Evaluation of I ()\;s,a) when |s| = ¢*. The integral I ()\;s,a) is
evaluated easily as follows when |s| = ¢*!.

PROPOSITION 5.3. When |s| = ¢, we have
(5.8) I(N\s,a)=q¢ M5 (@ (1—a) W (w)‘2a) %% (w>‘2 (1—a)).
PROOF. When |s| = ¢*1, the condition (5.7) implies that |b| = |z|. It is readily
seen that the condition (5.4) is equivalent to |b] = |z| = ¢/ |2| < ¢~ and

y < ¢~ *2. Then we have Ay (b, z,z,y) € K. Hence we have Ay (b,z,7,y) u € K
for w € U if and only if w € U N K. Thus we have
I(\;s,a) = ¢M=22 51 (@™ (1 —a)) W (@*2a) W ( —a))

@™ (1
/w ¥ (—sax) dx

Ix o
where
=l if Aagl < 1:
/ Y (—sax) dx = q , i |@ ?|* ’
Y o) 0, otherwise.
Since W (w*2a) vanishes unless |[w*2a| < 1, the equality (5.8) holds. O

5.1.3. Evaluation of I (\;s,a) when |s| < ¢. First we put
(5.9) ord(s)=h, ord(l—a)=k, ord(a)=FK.

By the condition (5.4), the orbital integral I (\;s,a) is a sum of three integrals
IU) (X;s,a) (j =0,1,2), supported respectively on

b = |2| = qHMI; |b| = qHMI >zl bl <2 = qHAII.

5.1.3.1. Evaluation of I®) (X\;s,a). In the domain where |b| = |z| = ¢/, we
may assume that b = z = w1 in the integrand of (5.2).

For Ay (w™ M, =M 2, y), the condition (5.3) holds if and only if [w™*2sz| =
1,i.e. ord () = Ay — h, and |y| < ¢~*2. Then we have

1 0 0 0

0 0 01 S P )

0 0 1 0 A)\ (w , W L, Y

0 -1 0 O
1 w2 (y—sz) —w Mg 0
1 w2y —wIPlg=1ly Al

o whs 1 0

0 —wMs 0 0

A -
where (1 “ ;(g{\wsx)) € GLy (O). Hence for S € Sym? (F), we have

Ax (=M, 1M, g, y) <102 15) c K
2

if and only if

(5.10) G ey - sx)) S+ < @ Pz —33—1) € M, (0)

w*)\zy _w_H/\”S_ly (o)
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and

0 whs 10
(5.11) (O —w>‘15> S+ (0 0) €My (0).
The condition (5.10) is equivalent to

— Il 2 -1, _ «—2,.—1,2 —A1 —2,.—1,, _ -1
w s Ty s “xr "y w s “xr Ty S
(512) S S ( w_)\l( (S_Qm_ly _ 3_1) ) —w(_AH')‘QS_QJC_l )) + Sym2 (O) .

Since the elements in the second column lie in w~*1s710, the condition (5.12)

implies (5.11). Hence we have

IO (X;s,a) = g2 571 (wlwls (1-— a)) %% (w“)‘”sa> %% (w‘l)‘”s (1- a))

/ P (—572x71 — scw:) dx.
wr2—hOx
A2 o—1

By a change of variable x — —w"2s™ "z, we have

(5.13) IO (\;s,a) = g6t (w”/\“s (1-— a)) w (w“’\‘lsa) w (w‘p‘“s (1- a))
- Kl (w>‘2a7w*)‘25*1) .
Here we note that we have
(5.14) 6(1—a)- I (\;s,0) =0 (a) - IO (\;—s,1 — a)
since
Kl (w’\2(1 —a), —w_’\QS_l) =Kl (—w)‘Qa, —w_>‘25_1) =Kl (w’\Qa,w_)‘Qs_l) :

5.1.3.2. Evaluation of IV (X\;s,a). In the domain where [b| = ¢/I* > |2, we
may assume that b = =M in the integrand of (5.2). For Ay (w*“)‘”,z,x,y), the
condition (5.3) is equivalent to

(5.15) max{|w7)‘2$zfl|, |w)‘lsxz\} =1, |lw™2 (y — sz)| < 1,

since wMyz = wlMlz . w2 (y — sz) + wszz. By a change of variable y —
y + sz, the second condition of (5.15) is equivalent to y € w*2O. Splitting the first
condition into two separate cases

w2527 = 1> |[wMszz| or |w MszTl| < 1= |wMszz,
we may write I() (\;5,a) = IWD (\;5,a) + T2 (X s, a).

For 7111 (A; 8,a), we may assume that z = w*2s and we have

(5.16) T(D (\;5,a) = g~ 3+2he=2h -1 (wn,\ns (1- a)> e ()Mt

W (wu)‘”sa) 1%7%4 (w>‘27)‘13*1 (1- a)) /

zew M tr25-20 -/yE‘wAZO U
Y(@ruw ) Y(s(l—a)z) = [AA (w‘”’\”,w_”\25, x,y+ sx) u| dzx dy du.
In (5.16), we have

1 w ey — Mg 0

—IAl =2 ) _|1 0 1 0 0

A, (w ,w 28,y + sk 0 SN 1 0
whs wMTMs(y+sx) —w M2 (y+sz) 1
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w2

where ((1) 1 y> € GLy (0). Hence for S € Sym? (F), we have

AA(WfH)‘H,w*)‘zs,x,ersx) o S eK
0 1o

if and only if

(5.17) Se (w_('f'x 8) + Sym? (0)

and

0 wMs 1 0
(518) (w)\ls w)\lf)\zs(y + Sl’)) S + (_w—)\z (y + S.’E) 1) € M2 (O) .

Here (5.17) implies (5.18). Thus by a change of variable x s w1 2572,
1D (A 5,0) = g2 671 (WHAHS (1- a)) K ()M
w (w”)‘”sa> W (@ M Hts7 (1 —a)) /O Y (w M7 (1 —a)z) da.
By the non-vanishing condition of the latter Whittaker value, we have
(5.19) I (A;s,a) = ¢ P67t (w‘p‘”s (1- a)) K ()M
W (w”’\”sa) w (w_)‘l"”\"‘s_l (1-a)).

As for 142 (X;s,a), we have |[w™*2s| < |z| < ¢I*. Splitting into separate
cases according to ord (z), we have

h+X1—1 ‘
152 (X 5,a) = Z 10929 ()5, q)
j=1

where

(5.20) IT129) (\;5,a) = g~ M H2Ae=27 51 (w”/\“s (1- a)) K

(w)’
W (5a) W(w\l*l\*%s(ka))/m wxz_wox/ ww/U

) (w’\ uw_)‘) Y(s(l—a)z) E {A)\ (w‘”’\”,wj_”)‘”,x,y + sx) u] dz dy du.

In (5.20), we have

1 0 00
8 8 (1)(1) AA(wfnxuijfnxnw’y+SI)
0 -1 0 O
1 w2y —w Mg 0
| wire(ytsz) —wl M (y 4sx) M
10 ws 1 0

0 —wM g 0 0
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1 w Ny 2
where (wj i (y + sa:)) € GL3 (0). Hence for S € Sym* (F'), we have

Ay (w_“’\”,wj_”’\“,x,y—i-sx) (102 i) eK
if and only if

1 w ey — g 0
(5.21) (wj w2 (y + s:r)) S+ (—wj_|’\|s_1 (y+sz) wi Mgl €M (0)

and

0 whs 1 0
o (=)o () D emo
The condition (5.21) is equivalent to
A (g a=2—1,2 A1 =21
w T —s %z wMs %y
S e ( w—(xls—2x—1y Y ) _w—A1+/\25—23—1> + Sym” (O)

1

and this implies (5.22). Thus by a change of variable z — w2757z, we have

(5.23) I(:29) (\;s,a) = ¢"~2179 571 (w”’\“s (1— a)) K ()’
W (wH)‘Hsa) W (wHAH*% 1- a)) Kl (@77 (1—a), - 2571,
Hence from (5.19) and (5.23), we have
(5.24) I (A;s,a) = g2 671 (w”’\”s (1- a)) W (w”’\‘lsa>
k(@) W (wuxu—zwuns (1- a))
gt (wuxns (1- a)) W (wwnsa)

h+X1—1
. Z g7k (w)j w (w“M'_st (1- a)) Kl (w>‘2_j (1-a), —wj_)‘Qs_l) .
j=1

5.1.3.3. Evaluation of I® (X\;s,a). When |b| < |z| = ¢/, we may assume that
2z = w M. Then for Ay (b,w*”)‘”,x, y), the condition (5.3) is equivalent to

(5.25) max{|w)‘156:c|, |w*’\25b*1|} =1, |w ™ 2y| < 1.
By separating the first condition into two cases
|wA2sb7 Y =1 > | sba] or lw2sb7 | < 1 = |w™Msba|,

we may write I (\;s,a) = I®Y (\;5,a) + 132 (X;s,a).
For 1(2:1) (\;s,a), we may also assume that b = w~*25. We note that when
r € w MTA25720 and y € w2 O, we have

whs wMTAs(y —sx) —w sz 0
0 M 0 0
A)\ (w_)\ZS,w_HM|71-7y> = 0 wl 3 w*k1871 0

1 w2y —w Mgy pAigl
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1

where ((1) o > € GLy (0). Hence for S € Sym? (F), we have

Az g =l 1, S
A,\(w S, w 7ﬂc,y)(o 12>€K

Y

if and only if

A] )\1—)\2 _ _ _A2
(5.26) <w03 @ wi(i 5$)>s+< o 8) € M, (0)

and

0 1 w Mt 0
(527) < )\2y) S + (_ — -1 /\181) S M2 (O) .

1l w wMls—ly o
The condition (5.27) is equivalent to

2w Mlg=1y  —gpHis—1
(e S PR

and this implies (5.26). Hence

(5.28) I3V (\;s,a) = ¢ 3N FA2=2h 51 (w”’\”s (1- a)) K ()M

W (w257 1a) W (w”/\”s (1- a)) / P (—sax) dx.

w M tA25-20

Here we note that the non-vanishing of the former Whittaker value implies the
value of the integral in (5.28) to be ¢**~*22"_ Thus

(5.29) IV (\;s,a) =g P67t (WH)\”S (1- a)) K ()™
W (w57 la) W (wlwls (1- a)) .

Separating into cases according to ord (b), we have

hdA; -1
122 (X\;s5,a) = 2122,3 (A\;s,a)

where

(5.30) I229) (\;5,a) = g M H2e=2 5 1( Ml (1 —a)) K

W(wuxnfmsa)w( Il (1-@)/ A / A /
rEwr2—Is— 10X Jyewr20

) (w’\uw*)‘) Y (—sax) 2 {AA (wrlwl,w*“’\”,x,y) u] dz dy du.
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In (5.30), we have

1 0 00
8 8 (1)(1) Ax(wjfuxn’wfwhx’y)
0 -1 0 O
wl wiTh (y—sz)  —wiIMg 0
|1 w’Azy —w*”’\”sﬂy w Mgl
10 wM s wJ 0
0 —wMs 0 0

J J—A —
where (wl “ wz,(i’zy sx)) € GLy (O). Hence for S € Sym? (F), we have

Ax (=M, M g ) <102 15> c K
2

if and only if

wl @ (y — sx) —gd Al 0
(531) ( 1 wf)‘2y S + —’ZU_H)‘”S_ly w_’\ls_l S M2 (O)

and

0 whis w0
520 (=) 54 (% ) emor
The condition (5.31) is equivalent to

c w M g=25—1 (2szy —y?) wMs 22! (y — sx)
wMs 27 (y — sw) —gMtAz g2 -1

) + Sym? (0)
and this implies (5.32). Thus by a change of variable z +— w2757z, we have
(5.33) 129 (\;5,0) =g M7 571 (w”)‘”s (1- a)) K (@)’
W (w‘p‘”*%sa) w (wu)‘”s (1- a)) Kl (@t a, w2571
Hence we have
(5.34) I® (\;s,a0) =g 2167t (w”’\”s (1- a)) w (wlwls (1- a))
k(@) W (wnxu—zwﬂnsa)

+gMsTt (ww‘“s (1- a)) w (w”)‘us (1- a))
h+X1—1 )
. Z k(@) W (w”)‘”_%sa) Kl (wAQ_ja,wj_Ags_l) )
J=1

By comparing (5.19) with (5.29), (5.23) with (5.33), and, (5.24) with (5.34),
we have

(5.35) §(1—a) - IMY (X;s,a) =0 (a) - I (N, —s,1 —a),

(5.36) 6(1—a)- 129 (\;s,a)
=6(a) - 132D (\;—s,1—a) (1<j<h+A—1)
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and
(5.37) 6(1—a)- 1MW (X;s,0) =0 (a) - I (X\;—s,1 — a)

respectively.
We also obtain the following functional equation for Iy (s, a) itself.

PROPOSITION 5.4. Fors € F* and a € F\{0,1}, the function §~1 (a)-I (\; s, a)
is invariant under the transformation (s,a) — (—s,1 —a), i.e.

(5.38) Sl —a)- I\ —s,1—a)=06""(a) - I (\;s,a).
PROOF. Both sides of (5.38) vanish when |s| > ¢*1. When |s| = ¢*1, (5.38) is
clear from (5.8). When |s| < ¢*t, (5.38) follows from (5.14) and (5.37). O

5.1.4. Preparation for the matching. We recall that we use the bijection

(F\WJhxFXBQw)z»<1_x ! >€FXXW\WJD

4y 1 —x
whose inverse is given by

(5, ) l1—a 1
N -
0 a = 4sa

for the matching. We also recall that we put

(N, p)=1(\;s,a) where s=—

for x € F\ {0,1}, u € F* and A € P*. The dictionary between the two sets of
parameters
m=ord(z), m =ord(l1-2z), n=—ord(u)

and
h=ord(s), k=ord(l—a), Kk =ord(a),
is given by
m=k—k, m'=—k', n=h+Fk
and

h=m'+n, k=m-m', kK =-m.

Then we may rewrite the results obtained so far for I (A; s, a) as follows in terms
of T (A;z, p).

PROPOSITION 5.5. Let x € F\{0,1}, p € F* and A = (A, \2) € PT. We
put m = ord (z), m’ = ord (1 — z) and n = —ord (u). Let us write x = w™e, and
p=w "e,. Let 1 (A1) =X +m +n.

Then the integral T (\;xz, p) is evaluated as follows.

(1) The integral T (X;x, 1) vanishes unless I (A1) > 0.
(2) Suppose that I (M) > 0. Then we have

(5.39) TNz, p) =TI (A, p)
when 1 (A1) =0, and, we have
(5.40)

I(Naop) =I0 Mo, p) + I3 N, p) + ) I8 Nz, p) + Y I3 (A, p)
SEL teEZ
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when 1 (A1) > 0. Here

(41 IO () = 2w () 571 (omen)

W (w\|A|\+n> W (wnxu+m+n—2z<xl>) ,

(542) 1(2) ()\;LZJ,,LL) _ q72/\1 I{(w)lo\l) 571 (w\|)\|\+m+n>

W (wuxn+m+n> w (wnxuw—zml)) :

(543) 09 () = g T k() 670 (@) ()

W (wlwwmmﬂs) Kiy (2,500 —8) if1<s<I(A)—1
and T3 (\;z, 1) = 0 otherwise, and,

(5.44) yACRY Nz, p) = q—>\1+m'+n—t 0 (w)t 51 (wl\/\ll+m+n) 114 (w\lk\l—i-m—i-n)

W (wl\AIan?t) Ko (2,00 — 1) if0<t<1(\)—1

and T3V (\;x, 1) = 0 otherwise.
(3) The functional equation

(5.45) I(Na hpe ™) =6(z) (N, p)
holds.

PRrROOF. This is clear from the computations in the previous subsection. Note
that the indexing of the summands in (5.40) is slightly different from the one used
in the previous subsection. ([l

COROLLARY 5.6. The orbital integral I (X\; x, u) vanishes unless
(5.46) IM)=M+m' +n>0 and |N|+n=X+X+n>0.
Moreover, in the inert case, the integral T (\;x, u) vanishes unless
(5.47) m is even and |A|| +n is even.

ProOOF. We proved the first condition in Proposition 5.5. The rest of the
conditions follow from the appearance of the product of the Whittaker values of
the form

W (wllk\|+m+n—2i) W (w\IAIHn—%) where i > 0 and j > 0

in the formulas expressing the summands of Z (\; z, ) and (1.1). O
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5.2. Matching in the Inert Case

We shall prove Theorem 2.20 in this section. By Corollary 5.6, the integral
Z (A; z, i) vanishes unless m is even. Also the functional equations (3.20) and (5.45)
are compatible with (2.57). Thus our task here is to show (2.57) when m € 2Zx.

For a fixed pair (z, 1), we regard Z (\;z, 1) as a function on P and denote it
as Z ()\). We denote the summands of Z (A) in a similar way.

First let us express Z (A) more explicitly. For A = (A1, A\2) € P, let us define
C(A) by

(5.48) C(N) = g~ 5+ 20X 5 ()=m=n=h=As

Let Z, denote the characteristic function of Zx, the set of non-negative integers.
Then by the Whittaker value formula (1.1), we have

(5.49)
e 20 = -y 2, (PLE2) 2, - 2000 22 000)

m'+n A
= (-t z, <||2—|—n> Zi(=M+Xd+m—=2m" —n)Z, (A +m +n),

(550) C«fl 1(2) _ (71)l(>\1) Z+ <|)‘|| + Tl; 21 ()‘1)> Z+ (l(>\1) . 1)

= (—1)A1+m/+n Z, (‘/\1 + >\22— 2m' —n

>Z+()\1+m’+n—1),

Al +n
2

(5.51) C~t.z(h) = (—1)® z, < > Z (M 4+ m +n —2s)

Zi(s—1)ZL(I(M) —s—1)-Kly (z, ;A0 — )

and

2
CZo() 2y (1) —t— 1) - Kl (2, 1 M2 — £).

(5.52) C7'.ID = (-1)" 2, (WM>
Thus we have
(553) C_l T = C—l . I(l) + C,_l ) 1(2)
+3° T K (i) + Y T Kla(x, s 5)

i€ JEZ
where

. . A
(5.54) JID = (1) z, (””;") Z. (M — A+ m+n+ 20)

-Z+()\2—i—1)Z+()\1—>\2+m'—|—n+i—1)

and

| | - )
(5.55) T = (-1 z+(A1 Ahaihs J)

2
Z+()\2—])Z+()\1—)\2+m/+n+j—1)
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DEFINITION 5.7. (1) For (c,d) € Z2, let F((a)) be the characteristic func-
tion of the set

D, d) = {(M, M) ePH M >, i —da<c—d, [[A|=c—d (mod?2)}.
(2) For (c,d) € Z2, let G(a ) be the characteristic function of the set

D (¢,d) = {(\, \o) € P | A2 SdohM—MZc—d N =c—d (mod2)}.
(3) For r € Z, we define €(r) € {0,1} by

0, if r is even;
e(r) = L
1, if r is odd.

Let us express C~1. 7MW ¢=1.7(3) 7LD and 729 more concretely. As for
the latter two, it is enough to consider the cases below because of the vanishing
condition on Kl (z, u;4) and Kla(z, u; j) in Proposition 3.8.

LEMMA 5.8. (1) We have
(5.56) c~1. 7 = (M pl)

(=m/'—n,—m+m’)"
In particular C=' - T vanishes if n > m — 2m’.
(2) We have

_ o A1+m/+ (a)
(5.57) C™hZ® = (M B —ng L1y

In particular C~' - T®) vanishes if n > —2m/.
(3) (a) Whenn >m —2m’' +2 and n is even, we have

n m+n

(5.58) gL=5=) = (Lt

G\ .
(2 7; n’2 1; n)
enn<m-—2m+1and —m+m —1<1< —m'"—n+1, we have
(b) Wh 2m’ +1 and f—-1<4 ! 1, h
1,4) A (a)
(559) j( ) = (_ ) 2 G(3 m’—n—e(i—m’),i+1)"
(4) (a) Whenn > —2m'+2 and n is even, we have

(5.60) gE3) = (cphtE gl
(T’T)
(b) Whenn < —=2m'+1 andm’ —1<j<-m'—n+1, we have
(2,9) — A2—j ~(a)
(5.61) T = (=07 G(2 m/—n—e(j—m’),j)"

Proor. We note that
A+ 7 = {(—)\1+)\2—2m’—n)—|—2()\1 +m' +n), %fm’ > 0;
(M +n)+ Ag, if m' =0.
Hence (5.56) holds.

The equality (5.57) is clear from (5.50).
Suppose that n > m — 2m’ + 2 and n is even. Then we have

_Tr'é_n) _ (_1)>\2+m;n Z+ <|)\2+n) Z+ <)\2 _ 2 _T;L_n> )

Here we note that Ay — 2=2=" > 0 implies that |A|| + n > 0. If m’ = 0, we have
n > m+2 > 0 and hence |A]| +n > 0. If m" > 0, we have m = 0 and hence
Ao + 52 > 0. Thus ||A|| +n > 2\ +n > 2. Hence (5 58) holds.

g
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Suppose that n <m —2m’ +1and —m+m’' —1 < i< —m’ —n+ 1. Then we
have

; —i Al + . .
‘7(1’1):(—1)’\2 Z+(|2n) ZiM=de+m +n+i—1)Z (M —i—1)
since m +n+2i >m’ +n+1i— 1. When m’ = 0, we note that

Agno { Q1= dnsio 4200 —i= D)+ (+3), ifi 20

M—X4+n+i—1)4+2X  + (1 — 1), if i <0.
(
When m’ > 0, we note that m = 0 and
IM+n=O0=da+m +n+i—1)+2N—i—1)+ (i —m' +3).

Thus (5.59) holds.
Suppose that n > —2m’ + 2 and n is even. Then we have

(2.52) _ (_q)he+2 A=A n
J (1) Z+< 9 Z+(/\2+2)

by (5.55). Hence (5.60) holds.
Suppose that n < —2m’ +1and m' —1 < 5 < —m’ — n + 1. Since we have
n+2j >m' +n+j— 1, the equality (5.61) follows from (5.55). O

Let us prove the matching in the inert case.
For a function f on P, let us define a function T® (f) on Pt by

TO) =T () + T3V

where
(5.62) TN ) = > S rLN),
Ai=A1 (mod2) A,=Xs (mod2)
A1>A7> A2 A2>A5>0
(5.63) TS (F)(Ar, A2) = 0 if || A[| is odd
and

A2
(5.64) T3 (/)M xe) = Y ST (DM FLAY) i A s even.
A=0 A,=)\! (mod?2)
A1Z252>0

1
€T 2

Since we have
1
1 [T\ | |7 i —1ye(\) )2 Y /
4 (H2> 2| = (1+q7Y) 5B(W ) X&(w )Ca()\)
_1
=B (wA) % Xs (w)‘) C (N
for N = (A — 4, Ay — j), our task of proving (2.57) is reduced to show the equality

(5.65) 7@ (0;1 ~z3<a>> —Cc .7

as functions on P*.
Let B/ =T@ (C; - B@) and let 7/ = C~* - . We recall that we proved

(5.66) B'(0,0) = 7'(0,0)

as Theorem 1 in [6].
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Let us prove (5.65). We note the following two lemmas first.

LEMMA 5.9. For (c,d) € Z2, let H((Z)d) denote the characteristic function of the
set

D{ (e, d) = {(\,A2) € PY | A1 > ¢> A >d, A = ¢(mod2), Ay = d (mod 2)} .
Then for (c,d) € PT, we have
Aa—c G(a)

—1) if c —d is even;
7@ (P ) = 5@ 4] (e 7
(Pew) =Hew 4 if c—d is odd.

PRrROOF. It is clear that we have Tl(a) (Pe,ay) = H((Z)d) and

(1) GEZ)C), if ¢ — d is even;

15" (Prey) = {

0, if ¢ — d is odd.
(Il
LEMMA 5.10. (1) For (¢,d) € PT, we have
G if c —d is even;
(a) (a) _ p(a) (a) . (e,c)? g
(5.67)  Higy+ Hihyarn) = Fleay t Geho {GEZLM» ife—d is odd
(2) For (c¢,d) € Pt with d > 0, we have
Gl if c —d is even;
(a (a) _ p(a) (a) _ c,c)’ ’
(5.68) Hipoay + Hichra1y = Fleay T Gleyra) {Gﬁﬁz vry i e—d is odd.
PrRoOF. Clear. O

5.2.1. Proof of (5.65) when m' = 0.
5.2.1.1. When n > m + 2. By Proposition 3.26 and Lemma 5.9, we have

B - (—1)™ GES?O) : {(—1)% Kl 4 (-1)2 "Clg} , if n is even;
0, if n is odd.

On the other hand, we have

o[ G, {(_1)% K+ (~1)F ./czQ}, if n is even;
0, if n is odd

by Lemma 5.8. Hence (5.65) holds.
5.2.1.2. When m+ 1 >n > 2. By Proposition 3.26 and Lemma 5.9, we have

B — (_1)/\2 GES?O) . {1 +q '+ (—1)% . /Clg} , if n is even;
0, if n is odd.
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On the other hand, by Lemma 5.8 we have 7/ = 0 when n = m + 1 and

o A14n (a) -1 A i (a)
'=(-1)" F(o,—m+n) + (1 -4 ) (=17 Z (=1) G(S—n—e(i),i+1)

—m<i<—n

A (a) -1 A2+ (a) -1
+ (_1) ’ G(m—n-‘rQ,O) q T+ (_1) . G(l—f(”""l)vo) "

N (=1)*tE GES)O) - Kla, if n is even;
0, if n is odd,

when m > n > 2. Here when —m < ¢ < —2 and ¢ is odd, we have

(a) (a) _ ) (a) B
(5.69) _G(%MH) + G(an,wz) - _G(l—nﬂ‘,o) + G(17n7i,o) =0
and hence
(a) e )
Z (—1) al@ o GEg+m7n70), if n is even;
St (3—n—e(i),i+1) G(glmfn,o) — GET’)O)’ if n is odd.

Thus when n is odd, we have

T'=- (_1))\1 F(((i)fern) + (_1)/\2 Gg:zfnw,o) - (_1)A2 G =0

(1,0)
since
A=Az pa(a) (a) _ p(a) (a) _ (a)
- (_1) e F(O,—m-i—n) + G(m—n+2,0) - F(O,—m—i—n) + G(m—n+2,0) - G((1,0)'
When n is even, we have
_ A (a) (a) (a) —1 5 ()
7' =(-1)" (F(o,_m+n) G20 T Gy ¢ + (=17 G 'ICIQ)
where Fly) 4Gl =G5l Thus (5.65) holds.

5.2.1.3. When n < 1. By Proposition 3.26 and Lemma 5.9, we have
_ A (a) (a) -1 (a) (a)
(5.70) B = (-1)" {(H(fn,O) + H(17n,1)) +q (H(kn,n + H(zfn’0)>}

" (—1)* {Ggi)nﬁn) +qt GE;ln’Q,n) +(14+4¢71) GE‘fln’lin)} , if n is even;
0, if n is odd.
On the other hand, we have

_ Artn (1a(a) (a) Az ~(a) -1
(5.71) I'=(-1)™ (F(_n,_m) + F(—n+1,1)) + (=1 Glotmn0) 4
Aa+n ~(a) -1 -1 Ao+i ~(a)
+(=1)™ G(anfe(nJrl),an) ¢+ (1 -9 ) Z (=1~ G(?’*n*ﬁ(i):ﬂrl)
—m<i<—n
A2 ~(a) -1 Aetn ~(a) -1
+(=1)™ G(27n70) g+ (=) G(27nfe(n+1),fn+1) q

+(l-qt) Y =yt GE;)—n—st)'

0<j<—n

When n = 1, the equality (5.70) becomes

_ 1 gy(a)
B =gq H -

As for 7', when m = 0, we have

7= (_1)/\2 (G(a) _ G(a)

-1 _ -1 (a)
(1,0) (271)) ¢ =q H

(1,0)°
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When m > 0, we have

( (m+1,0)
_ A % a
+(1=-¢ ) (-1™ Z (-1) GEQ)—e(i),i—i-l)'

—m<i<—1

T = (1™ By + ()Y (GO — G ) a7

Here by (5.69), we have
Z (_1)i GES)—e(i),iH) = GEQH,O) - GE(II,)O)'
Thus
2= (0" (B + Gliling — 7 Gl — (1= G0 )
= (1) (GE‘{?O) - GE‘;?I)) g t=q"" H((i)())

since F(((i)l_m) + GEQH,O) = GE?,)O). Hence (5.65) holds when n = 1.

Suppose that n < 0. By (5.69), when m > 0, we have

i ~(a) _ (a) (a)
(5.72) Z (=1) G(Bfnfe(i),z!kl) - G(2+mfn,0) o G(an,O)'
—m<i<—1

We remark that (5.72) is valid also when m = 0. We also note that when 4 is odd,
we have

G(“) G(a)

— _ (a)
(B—n—e(4),i+1) — T (2—n,i+1) G

(2—n—e(i+1),i+1)"
Hence we have

i ~(a) Jj ~(a)
Y. D GE .t D G GEL

—m<i<—n 0<j<—n

_ (@) n ~(a) (a) (a)
7G(;+m—n,0) (71) G(g—n—e(n),l—n) - Z <G((1l—n,2k—1) B G(;—ka—l)) '

1<k<[ 5]

Here we have

F@ iy if n is even;
(a) (a) _ 1-n,1 1-n,1-n)’ )
Z (G(l—n,Qk—l) - G(3—n,2k—1)> - { ( ) ( )

(a) e
1<k<[152] F(l_’ml)v if n is odd
(a) _ ~(a) (a)
where F(lfn,lfn) - G(lfnJ,n) - G(an,lfn)' Thus

II — (_1))\2 (F(a) ) 4 Gg‘lmin’o) + q—l F((lazn’l) + q—l G(Q—n,0)>

(—n,—m

(a) _ (a) . . .
n (_1))\2+n ) {(G&)mln) +q7! Ggi;n’zfn))’ if n is even;
(G(Q_n71_n) + q_l G(g_n72_n)), if n is odd.
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. (a) (a) _ r(a) (a)
Since F(—n,—m) + G(2+m_n70) = F(—n,o) + G(Q—n,O)’ we have

T = (~1) {F((‘j)nyo) +q R+ (g G(g_mo)}
(GElll)—n,l—n) +q7t Ggg)_mQ_n)), if n is even;
+ (=)
(GEgln’kn) +q7! Ggg)fn,zfn))’ if n is odd.
Hence by (5.67) and (5.68), we have (5.65).
5.2.2. Proof of (5.65) when m' > 0.
5.2.2.1. When n+ 2m’ > 2. When n is odd, we have B’ =7’ = 0 by Proposi-

tion 3.26 and Lemma 5.8. Hence (5.65) holds.
When n is even, we have

(_1)/\2+% Ggg,)o) (Kl + Kl2) if n>2;
/
B = 1\ At (a) (a) . )
( 1) G(;ﬂ ;")+G(2—7n 2—71,) ’Cl2, 1fn§0

by Proposition 3.26 and Lemma 5.9. Then noting (3.6) when n < 0, the equality
(5.65) holds by Lemma 5.8.
5.2.2.2. When n+2m’ = 1. We have

B = (H{ihrm) = Hiolwr)) 07

by Proposition 3.26 and Lemma 5.9. On the other hand, we have

7= (_1)/\2“”, {(ngrz%l,m’) B GE2’+2,m’+1)) + (Ggfrz',mun - Gﬁizfﬂ,m'))}

by Lemma 5.8. Since H((;J)rlvd) = GEZL,@ — GEZL2,d+1) for d > 0, we have B’ = T'.

5.2.2.3. When n+2m’ < 0. We put r = —m/ — n and s = m’. By Proposi-
tion 3.26 and Lemma 5.9, we have

Ao+s (a) (a) — (a) (a)
(5:73) B =(-1)" {(H(r,s) + H(r+1,s+1)) +a (H(r+1,s—1) + H(v’+2,s))}
i (=1)retr {GE:’)T) +(1+ q_l)GEZL!TH) +q71 GEZ)+2,T+2)} , if r— s is even;
0, if r — s is odd.

On the other hand, we have
(5.74)
. A+r [ (a) (a) Aots —1 [ ~(a) (a)
7' = (_1) (F(r7s) + F(r+1,s+1)) + (_1) ° q (G(r+2,s) + G((7“+1,s—1))

Aatr —1 (a) (a)
+ (_1) : q (G(r+37e(r+s+1),r+2) + G(T+276(T+s+1),r+1))

-1 A2+s J (a) (a)
+(1-q¢ ") (=™ Z (=1) (G(r+375(j),s+j+1) +G(r+2fe(j),s+j))
0<j<r—s

by Lemma 5.8. When j is odd, we have

(a) — — )
Glrta—c(i)stitn) = Clriastitn) = Clra—en),stitn):
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Hence

i (a) (a)
Z (=1) (G(r+3—e(j),s+j+1) +G(r+2—e(j),s+j))

0<j<r—s
_ r—s ~(a) (a)
=(-1) G(T+3*6(T75)7r+1) + G(r+2,s)
(a) (a)
o Z (G(r+1,5+2k—1) - G(r+3,s+2k—1)) ‘
1<k [Tt ]

Further we have

Z (ngzi-l,s-‘er—l) - GE:ZH’),s-Q-Qk—I))

1§k§[7“;+1]

(a) (a) : : .
_ F(:+1,5+1) — F(:+1,r+1)’ if r — s is even;
F(TaJr1 s41)7 if r — s is odd.

— G(a)

(r+1,r+1) (r1,r41) when r — s is even, we have

Noting that GE:lS,rJrl) + F@

_ A2ts (pa(a) —1 pp(a) (a) -1 ~(a)
7'=(-1)" (F(T,S) T4 Foiy e T Goag T4 G(r+1,571))

(a) -1 ~(a) . . )
+ (_1))\2+7’ i G(Z+17r+1) =+ q ! G(i+27r+2) B lf r — S 1S even,
(a) — (a) . .
G(T’+2,r+1) +q ! G(T+3,r+2) , if r — s is odd.
By (5.67) and noting
(a) (a) _ (a) (a)
F(T+17S+1) + G(r+1,s—1) — Y (r+1,5-1) + G(r+3,3_1)7

we have B’ =7'.
Thus we establish (5.65) in all cases.

5.3. Matching in the Split Case

We shall prove Theorem 2.21 in this section. As in the inert case, it is enough

for us to prove (2.58) for x € O\ {1,0} since the functional equations (4.1) and
(5.45) are compatible with (2.58).

In order to express Z () in the split case explicitly, let us introduce the following
functions.

DEFINITION 5.11. (1) For (c,d) € Z2, let F((Cs)d) be the characteristic func-
tion of the set

D (e, d) = {(A,ha) € PT | A1 > ¢, A — Ay < c—d}.
(2) For (c,d) € Z2, let Ggi)d) be the characteristic function of the set
DS (e,d) = {(Ai,Ao) € PT [ Ao > d, Ay — Ao > c—d}.
(3) For (c,d) € Z?, let C(c,qy be the function on P* defined by
Cley A A2) = (M + X2+ ¢) (A — Ao+ d).
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Then by the Whittaker value formula (1.1), the function C~! - Z, where C' is
defined by (5.48), is expressed as

ctz=Cct W40t TP Y gD Ky (2, i) + Y T Kla(x, s ),
i€Z JEL

where Z(W| () and J¢9 (1 = 1,2) with i such that Kl;(x, j1;4) # 0 are given as

follows.

LEMMA 5.12. (1) We have
(5.75) C™HIW = —Clpt —mtomi4n—1) F

—m’—n,—m+m’)"
In particular C=1 - T vanishes if n > m — 2m’.
(2) We have

(5.76) C™ TP = —Clmimirom sn_1) F((f)m,fnﬂ’m,“).

In particular C~' - I®) vanishes if n > —2m/.
(3) (a) Whenn >m —2m’' + 2 and n is even, we have

(5.77) j<1’ =) = Clnt1,1) GESZ)*TEL*’IL,277;L7H)'
(b) Whenn <m—2m'+1 and —m+m’'—1<i < —m’'—n+1, we have
(5.78) JED = Clnt1,m+n+2i+1) GE;)_m/_n,i_A'_l)'
(4) (a) Whenn > —2m’ +2 and n is even, we have
(579) J(Z%n) = C’(m—l-n+1,1) GES—)J —'n.)'
2 7 2
(b) Whenn < —=2m'+1andm' —1<j<-m'—n+1, we have
(5.80) J@9) = Clmsnt1,n+2j+1) GEilm/,n’jy
PROOF. The proof is similar to the one for Lemma 5.8. U

For a function f on P*, let us define a function 7®) (f) on P* by
TOf) =1 (D) + 137 ()

where

(5.81) T (f) (Ar, Ae) = 3 M =X +1) Qg = Ny + 1) F (N, \)

and

(5.82) T A =(a—Ae+1) > (=N 1) f (AL
A2 >N >A5>0

Since we have

()
12
A\ "3 A
=dp (@) * x5 (@) C(N)
for N = (A1 — 14, A2 — j), our task of proving (2.58) is reduced to show the equality
(5.83) ) (c;l -B(S)) —0 .7

T
12
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as functions on P*.

Let B =T (C;1-B®)) and let 7/ = C~! - Z. We recall that we proved
(5.84) B'(0,0) = 7'(0,0)

as Theorem 2 in [6].
Let us prove (5.83). As in the inert case, first we note the following lemma.

LEMMA 5.13. For (c,d) € Z2, let H((s)d) be the characteristic function of the set

DY (e,d) = {1, A2) e PT A 2> N\ > d}.
(1) For (c,d) € Pt we have
(5.85) 7(s) (P(c,d)) =M —c+1D) (N —d+1) H((cs,)d)
+le—d+1) (M —do+1) G

(2) For (c,d) € P, we have

(/\1 —c+ 1)()\1 —c+ 2)(/\2 —d+ 1) . H((S)d)
2 &

(5.86) T (Lieay) =

A=A +1 \
+%{(A1—c+1)(A2—d+1)+(c—d+ (e —c+ 1)} GE.

In particular, when ¢ = d, we have

(5.87) 7(s) (L(cc)) _ M =X+ —c+2)(Aa—c+1) ()

2 ' (C,C)
_ ()\1 — )\2 + 1)(/\1 —c+ 2)()‘2 —c+ 1) X G(S)
2 (e—=1,e—1)"

(3) For (¢,d) € PT, we have

(/\1 —c+ 1)()\2 —d+ 1)()\2 —d+ 2) -H(S)
2 (e,d)
+<)\1—)\2+1)(C—d+1)(0—d+2) G(S)

9 (c,e)”

(5.88) T (Vie)) =

REMARK 5.14. Since
(s) _ g7(s)
He gy =Hiiq g+ Vied) = Lice

= H((jig’d) + ‘/(c+l,d) + ‘/(c,d) - L(c+1,c+1) - L(c,c)u

we have
(5.89) T (Pey) =M —c+1) (A2 —d +1) H((CS-)i-l,d)
+le—d+1) (M= A+ 1) G o+ (e —d+1) Vg
and
(5.90) T (Peay) =M —c+1)(Ae —d+1) H((‘CS-)‘rQ,d)
+(c—d+1) (M —A2+1) nglz,cw)

—M=d+2)Lict1erny + A2 —d+ 1) {Viecay +2Vier1,0)}
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by (5.85). Similarly we have

M —c)A—e+ Do —d+1) )

(5.91) T (Lieyr,0)) = 2 (c.d)

A=A+ 1 .
+ % {Ar=c)Aa—d+ 1)+ (c—d+2)(A2 =)}~ GEC?C)
by (5.86),
: M —et DO =d+ Do =d+2) o
(5.92) () (V(c,d)) = 5 'H(c+1,d)
M=+ D(c—d+1D)(c—d+2)
+ 5 'G(c+17c+1)
Ag —d+1)(Ny —d+2
G )2( : ) Vi
and
) M—c+ DN —d+ DM —d+2)
(5.93) 7(s) (V(c,d)) = 9 'H(c+2,d)
M =X+ D(c—d+1)(c—d+2)
+ 5 'G(c+2,c+2)
Mo —d+1)(Ae —d+2)
+ . (Vv(c’d) +2 ‘/(c-l—l,d))

2
(c—d+2)2\1 —c—d+3)
- 2 ! L(c+17c+1)

by (5.88).
PrROOF OF LEMMA 5.13. It is clear that we have

T (Peay) = (A —c+1) Ay —d +1) H((csv)d>

and
Z(S)(P )——(C—d—f—l)()\ - A +1)(;(S)
2 (¢,d) 1 2

(C)C).
Thus (5.85) holds.
When Ay > ¢ > Ay > d, we have

T (L) Gade) = 32 a =N+ D) e =X+ 1)
A=A >c
Ny=d
()\1 *C‘Fl)(}\l 7c+2)()\2 7d+ 1)
2

and T4 (L)) (A, A2) = 0. When Ay > ¢, we have

T (L) (i d2) = 30 (a =X +1) e =X +1)
A1 >N >A0+1
N,=d

(A=) (A1 — Ao+ 1)(/\2 —d+1)
2

115
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and

T3 (L) A A2) = (A=A +1) Y (M =2 +1)
Aa>N >e
N,=d

A=A+ 1A —c+1
_a— 2)(2 ¢ ){(A2—4+1)+(c—d+1)}.
Thus (5.86) holds. The second equality of (5.87) holds since

Me—ct+1) G =(a—c+1)GY )

When Ay > ¢ > Ay > d, we have
T (View) A d2) = Y (= 1)(Ae — Ay + 1)

Nj=c
A2 >N, >d

- 2
and TS (Vie.y) (M, A2) = 0. When Ao > ¢, we have T (Vi..4)) (A1, A2) = 0 and

T8 (Vi) i da) =a = da+1) 3 (N =Xy + 1)
N =c
cZiéZd

(M=t (e—d+1)(c—d+2)
= 5 .
Thus (5.88) holds. O

5.3.1. Proof of (5.83) when 2m/ +n > 2.
5.3.1.1. When m’ =0 and n > m + 2. By Proposition 4.26, we have

B = —2(Kly + Kl) - T (L1.1)) + 2Kl + Klz) - T (Lg,09)
+{(n = 1Kh + (m+n—1)Kls} - T (Pg) .-

By Lemma 5.13, we have
T (Lay) =5 O = e+ D)+ DAe - Gy,
(5.94) T (Lg) = 5 = A+ D +2)(a +1)- Gy,
T (Pog) = (1 — e +1) Gl
Hence
B' = (Cins1.1) Kt + Clmsnsry Kl) - Glpy

Thus (5.83) holds by Lemma 5.12.
5.3.1.2. When m' =0 and n =m+ 1 > 2. By Proposition 4.26 and (5.94), we
have
B' = (Kis Can1) = 207" Cug1n) - Glogy-

On the other hand, by Lemma 5.12, we have
T' = Kly Ciap 1y - GES?O) —q! (O(n+170) GE?O) + Clnt1,2) GES?OJ :
Here we have

s)
C(n+1 0) G(1 0) + O(n+1 2) G(O 0) (C(n-i-l 0) + O(n-‘rl 2)) G(O 0) — =2C (n+1,1) G(O 0)
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Thus (5.83) holds.
5.3.1.3. When m’ = 0 and m > n > 2. By Proposition 4.26 and (5.94), we
have

B' = [Kly Ciminsrny) — {—(m—n+1)+ (m—n+3)g7"} Clupr)] - Gloly-
On the other hand, by Lemma 5.12, we have

_ (s) (s)
T' = Kl2 Cman+1,1) - gy = Contt,—mtn—1) F(g —min)

+(1-¢") Y C<n+17m*n*2i+3>GE;)0>
0<i<m—n+2

- (C(n+1,—m+n—1) GEfr)Lfn+2,0) + C(n+1,m—n+3) GES?O)) .
Here we have
Clnt1,-m+n—1) F(((i)—ern) + Clnt1,—m+n-1) GEZ—nH,o)
_ (s) (s) (s) _ (s)
—C(n+17—m+n—1) {G(o,o) - (G(m—nﬂ,o) - G(m—n+2,0))} - C(n+1,—m+n—1) G(o,o)'
Thus (5.83) holds if we show that
(5.95) > Clttmon—zits) GEj}O) = (m —n+3)Clni1) GES?O).
0<i<m—n—+2
For (A,A2) € Pt put a = A1 — Aa. If a > m —n + 2, we have
(M +n+1) > (a+m=—n—2i+3)= (Al +n+1)(m—n+3)(a+1).
0<i<m—n—+2
If0<a<m-—n+2, we have
(M +n+1) > (a+m—n—2i+3)= (Al +n+1)(a+1)(m—n+3).
0<i<a

Thus (5.95) holds.

5.3.1.4. When m' > 0 and 2m’ +n > 2. When n is odd, we have B =7’ =0
by Proposition 4.26 and Lemma 5.12. Suppose that n > 2 and n is even. By
Proposition 4.26 and (5.94), we have

B' = (Kiy + Kl2) Crnir1) Gl
and (5.83) holds. Suppose that n > 0. Then by Lemma 5.12 and (3.6), we have

I/ = ’Cll C(n+1 1) G(?_n 2—m + G(S_n —n .
’ (3~.%5m) (&%)
On the other hand, by Proposition 4.26 and Lemma 5.13, we have

B':ICll()\l—A2+1){</\1+g+2) (re+2+1) -1} G,

2 (=5)
n n s
K=t D{(M 4 5) (et g 1) ~1f GL oy
By substituting G((s_)i =) = GESQ)_W, 25n) + L(;n ), we have

2

2
;o (s) n+2 _
B =Kl {2C(n+1)1)G(2271722n)+()\1+ 9 ) L(;yn)}—l.
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Thus (5.83) holds.
5.3.2. Proof of (5.83) when 2m’ +n < 1. For k = 1,2, we put

T, =C - T® 4 Y gD Kl (w, ;).
€L

Then we have 7' = 7] + 74. By Lemma 5.12, when m' = 0, we have

(596) I{ = —C(n+1,7m+n71) F((i)n,—m)

4 (1 _ qfl) Z O(n+1,m+n+2i+1) GE;)—n,H-l)

—m<i<—n
—a(C G(S) +C G(S)
q (n+1,—m+n—1) ¥ (24m—n,0) (n+1,m—n+3) ¥ (2—n,2—n)

and
(597) Ié = _C(m+n+1,n—1) F((ls)—n,l)

+ (1 _ q—l) Z C(m+n+1,n+2j+1) GEi)fn,j)
0<j<-n

- q_1 (C(m+n+1,n71) GE;),H)O) + C(m+n+1,fn+3) GEi),n,l,n)) .

Similarly, when m’ > 0, we have
(5:98) T} = —Clustzm+n-1) F sy

+(1- q—l) Z Clnt1,n42i+1) Gglmun,iﬂ)

m/'<i<—m'—n
1 (s) (s)
—q (C(n+1,2m'+n71) G(Q—m’—n,m’) + C(n+1,72m’7n+3) G(Z—m’—n,Q—m’—n))

and

(5.99) I = =Clnt1,2m +n—1) F((ime’*"’m’+1)
T ST

m/'<j<—-m'/—n
e G(S) +C G(S)
q (n+1,2m’4+n—1) ¥ (1—m/—n,m/—1) (n+1,—2m’—n+3) Y (1—m/—n,1—m’—n) | *
Before proceeding further, we prove the following two lemmas.

LEMMA 5.15. Suppose that m > 1 andn < 1. Let

SO(m; n) = Z C(n+1,m+n+2i+1) Ggi)fnfi,O)'
—m<i<—1
Then we have

(5100)  So(m,n) = (m +1) Clng1n-1) Gy .0y — Clrttmmin—1) Giomrs1.0)

REMARK 5.16. When n < 1, if we substitute m = 0 in the right hand side of
(5.100), we have

(s) (s) _
C(n+17n—1) (G(an,o) - G(ifn,0)> =0.
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PRrROOF. We rewrite
So(m,n) = Z Clnt1m—n—2;+3) GE?@)'
—n+2<j<m—n+1
Suppose A1 — A2 > 2 — n, for otherwise Sp(m,n) vanishes. Then
So(m,n) = > (M+Xde+n+1)(A —A+m—n—2j+3)
2-n<j<k
=M+X+n+D)k+n—1MN —Ae—k+m+1),
where k = min{1 +m —n, \; — A\2}. Consequently

So(m,n) = (m+ DA+ A +n+ 1) = A +n-1) (G5, 5 = L)
+ m()q + X +n+ 1)()\1 — Aoy + n)GEi)erfn,O)'
This is equivalent to (5.100). O

LEMMA 5.17. Suppose that 2m’ +n < 0. Let

S1 (m7 m/a n) = Z C(n+1,m+n+2i+1) Gg;)—m/—n,i+1)

m/ <i<—m'—n
and
SQ(mvmlan) = Z C(m+n+1,n+21+1) GE;)fm/fn,z)

m/<i<—m'—n

Then we have
(5101)  8y(m,m',1) = (0 + DClu 1 m e 1GE s

+am = Do+ m—m + )+ X+ DHG

+(m—2m' —n+ Z)C’(nH,O)G( )

s
(83—m/—n,2—m’'—n)

and
(5102) 52(ma m/7 ’I’L) = _O(m+n+1,2m’+n—1)G8)_m/_n7m/)
+ M +m 4 ) —m +2)(M + Ao +m+n+ 1)H

(1—=m/—n,m’")

+ (2= 2m" = n)Clmint10Gl)

(2—=m’—n,1—-m’—n)"
PROOF. First consider

Sim,m',n) = M +detn+1) D (—dotmAn+2i+1)GE L
m/'<i<—m'—n

This vanishes unless Ay > m’ + 1, so assume this. When Ay — Xy > 1 — 2m/ — n,
this sum on the right is

Z M=Ao4+m+n+2i+1)=0+k—m) A —do+k+m+m +n+1),
m/ <i<k
where k = min{—m’ —n, Ay — 1}. When 1 < A\; — Ay < —2m/ — n, the sum on the
right is

> (A —=Agd+m4n+2i+1) = (m—m'+k+2)(A1 — Ao +m +n+k)
1—m/ —n4Aa—\ <i<k
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where k = min{—m’ —n, Ao — 1}. Hence

Sy(m,m/,n)
AM+X+n+1)
(A +m+m' +n)(A2 —m) (Gg)fmun,m'ﬂ) - GE?’lSm’an,me’fn))
+(1=2m =) = Ao+ m A DGE 5 o
+M+m +n—-1DN2+m—m'+1)

(s) (s) (s)
x (H(Q—m’—n,m/—i-l) - G(2—7n’—n,7n’+1) + G(S—3m’—2n,2—m’—n))

3—m’'—n,2—m’—n

+ (m — 2m/ —n—+ 2)()\1 - )\2) (GES) ) - Ggg)ffﬂm’72n,27m’fn)) .

Note that the coefficients of G'*

(3—=3m’—2n,2—m’—n)

sum to 0, and we have (5.101).
Now consider

52(m7m/an) . (s)
M+ At+mtntl) D, A= dedn 424 DG

m/<i<—m'—n
Assume A3 > m’. When A\; — A3 > —2m/ — n, this equals
S =Xt n+2i41)=1-m' +E) M —de+m +n+1+k)
m/ <i<k

where k = min{—m’ — n, A\y}. Similarly, when 1 > X\; — Ay < —2m/ — n, the above
sum is

> M= D4+n+2i+1)=2—m +k)A\ =X +m' +n+k)

1—m/—n—X+X2<i<k
where k = min{—m’ — n, Ao}. Hence
Sa(m,m/,n)
M+X+m+n+1)
Ot 0+ )00 =+ 1) (GEL ) = GOl s )

+(1=2m —n)(\ — A2+ )G

(2—=m’—2n,1—m’/—n)

(s) ()
) G(lfm’fn,m’) + G(me’f2n,17m’fn))

+ A 4+m +n) A —m +2) (H((f)

—m/—n,m’

(s) (s)
+(2=2m" —n)(A — A2) (G(2—m’—n,1—m’—n) a G(2—m’—2”71—m/—”)) '
Note that the coefficients of GE;lWQH 1=/ —p) SUM tO 0, and we have (5.102). O

5.3.2.1. When m’ =0 and n = 1. By Lemma 5.15, we have

T} = ~Com) Fighomy + (1= 07") {(m +1)Ce.0) Gy = Co-my GE?’)%O)}
—q! (0(27_"1) Gm+1,0) + Crz,mi2) GE?U)
and
Tp=—q ! (C(m+2,0> GE?O) +Cim+2.2) GES?O)) '
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Since

~Ciorom) Flgh oy = (1=07") Clormy G ) = 07" Clar-m) Gm1.0)

=— C(z,_m) (F((gl m) + G(m 0 ) + q_l C(Q,_m) (GES) GgfnJrl 0))

(s) _ (s) (s) _ (s)
0(270) G(I,O) = 0(210) G(O7O)’ and C(m+2,0) G(l,O) = C(m+2,0) G(O,O)’ we have

(5.103) ' = —¢" ' Cam+2) Gﬁi?m

+{-Cor-m)y+ (1= ) (m+1)Cro0) = ¢ 'Cims2.0) — ¢ 'Clms2.2) } GES?O)-
As for B, first we note that

7 (P(l,o)) = )\1()\2 + 1) H((f)o) + 2()\1 — o + 1) GE; .

& _y (G _o®
where A H(py) = A1 (G, = Gty

) Hence

() (P1,0)) = (M2 + A1) (G Ggi 1)> +20A0 — Az + 1) Ggi )

= (A — )G(OO)+(>\1 A2 +2) G

since Aoy G5 (s)

(1) = A2 GES)O). Therefore we have

(5.104) B'=2¢""(A\1 — Ao+ 1) GEo)o (m+1)g ' (M = Xo) GES?O)
—(m+1)g (M =X +2) Gl
+{m—=(m+3)g7} O = de+ D +2)Aa+ 1) Gy — 207 (M = Ao +1) G

(1,1)
—{m (m +2)q } A=A +1)(AM+1)Ae GES)O+q*1(A1*)\2+1))\1()\2* )GE‘;)I

by Proposition 4.26 and Lemma 5.13. By substituting G (© 0) = G(l T Lg,0) into
(5.103) and (5.104), we obtain

B =1
— (A=At 1) Hm (m + 4) —1} AL+ A2) —|—2{m 2(m + 2)q }] 11)+
[{m = (m+3)g I A2+ {3m —4(m+2)g } Ay + 2 {m — (m +2)g7"}] Lio.0)-

5.3.2.2. When m’ > 0 and 2m’ +n = 1. By a compuataion similar to the one
in the previous case, we have

B =T1' = —4¢7" Clo—amr ) G52’+1,m'+1)
—q "M —m +2)(BN = 3m +2) L iy — @ (A =m0 + 1) L — 1 mr—1).
5.3.2.3. When m’ =0 and n < 0. Let us put a = —n. Recall from (5.96) and
(5.97), we have
(5.105) T} = —Cnst—mn—1) F, oy + (1= a7") (So(m, ) + Si(m,0,n))

- q71 (C(n+17_m+”_1) GE;men,O) + C("+17m_”+3) Gég)fn,an))
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and

(5106)  Th = —Clmpnsrn-r) Fy L yy + (1= q7") Sa(m,0,n)

- q71 (C(m+n+1,n71) GE;)—%O) + C(m+n+1,7n+3) GE‘;)—n,l—n)) .

By Lemmas 5.15 and 5.17, we have

Ti = =Cl-a,—m—a-1) (F(( ) T Gg:)erH,o))
- q_lC(l—a,a+m+3)G(;1+2’a+2) + (1 - q_l)(m + ]-)C(l—a,—l a) G(Z)Jr2 0)
- (1 - qil)(m =+ I)C(l—a,—l—a)GEZ)_FQ,l) + (1 - qil)(m +a+ 2)0 l1—a O)G((H_g a+2)
+(1 =g DM —a—De+m+1) M+ X —a+ DH,, ).

Note

Ca- ao)G =Ca- aO)G

a+3,a+2) (a+2,a+2)’

(s)
C(l a,—1— a)G(a+2 1) — C((170,,71701) (G(a+2,0) - L(a+2,0)) )
and
() () (s) (s)
F(a —m) + G(a+m+1 0) — H(a+2 0) + G, (a+2,a+2) + ‘/(a-ﬁ—l 0) + ‘/(a 0)-
Therefore the above simplifies to
(5107) I{ = _C(lfa,fmfafl) (‘/(a+1,0) + ‘/(a,O))
+{m+a+1) =g (m+a+3)} Ccan)G s 0sa
+ {()\1 — a)()\2 + m) — q_l()\l —a— 1)()\2 +m + 1)} ()\1 +X—a+ 1)H((212 0)-
Similarly, by Lemma 5.17, we have

Ty = ~Clm-a+1,-1-a) (F((a+1 yt G(a+1 o))
+ qilc(m—aﬂv—l—a) (Gé:)ﬂ 0) GEZ)H 0))
+{2+0)Clm—ar1,0)— ¢ (@ +3)Cim—as1,1) } G, a+1 at+1)
+(1=g M —a) A +2M+ A +m—a+ DHD, .
Since

(s) (s) (s)
Foiint G a+1 0) = Glattasn) T Hiab1,0)
we obtain

Ié = {(a+1)—q 1 a+3 }C(m a+1, 1)G(a+1a+1)
+H{—a+ Do +1) ¢ M —a)Aa+2)} O+ e +m—a+ DH, )
We can rewrite this as
Ty={(a+1) ="' (@+3)} Con-asrt) (Chnasn) + Liatrarn )
+{A—a+ DA +1) =g " (A —a) (A2 +2)}

X(AM+X+m—a+1) (H((9+2 0) + Viat1,0) — L(a+1,a+1)) )
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which simplifies to

(5.108) Tj={(a+1)—q *(a+3)} Clm_asi) (GEZLQ,CM))
F{i—a+ Do+ D) =g ' —a) M +2) M+ Ao +m—a+ 1)H((j)+270)
{200+ 1) =g M2 +2)} Q2+ m+2)Viaq1,0)— (M +2) A1 +1m+2) Liat1,at1)-
Combining (5.107) and (5.108), we get

(5.109) ' = (A2 + 1)(A2 +m + 1)V(4 0
{2 +2) A2 +m)+ {2002 +1) —¢ ' A2 +2)} Q2 +m+2)} Viay1,0)
— (M +2) (M +m+2)Liag1at1)

M\ + A +2) + 2@+ D+ A — a+ D)GE, 44

— g {mO A 4) + 2@+ 3) M+ e —a+ DGR,
+M e —a+ D) {—a)Qat+m)— g M\ —a— D +m+DYH,,
+Mt X tm—at+ D) {(—a+ D +1) — g (M —a)Aa +2)} H, .

On the other hand, by Proposition 4.26, we have

c;t BB =
(5.110) 20 Liass,a+3) — 2(1 = ¢ ") Liat2,a42) — 2L(at1,a41)
(5.111) +2Via,1) +2(1 = ¢ Wiar1,1) = 20 Vit
(5.112) +{(1=m)+ (m+1)g "} Pari)
(5.113) +(m+1)P0) 4+ 2¢" ' Plat1,0) — (m+ 1)g " Playay)
(5.114) +2{(1—m)+ (m+1)g "'} Liaro
(5.115) +2{(m+1)— (m+3)qg""} Liat1,0)-

We compute B’ by Lemma 5.13, noting Remark 5.14.
First observe that (5.110) plus (5.111) can be written as

X,y — q_lX(a+1,1),
where
Xeay =2 Vieay + Vierr.a) — Liet1,e41) — Liet2,e+2)) -
Since
2T (Lic,e) + Liet1,en) =
M=+ D {1 —c+2Pe—c+ 1)+ (M —c+ DA — )} G

and

2T (Vo) + Vier1.a) = Qa=d+1)ho=d+2) {2\ = 2+ DH,, o + View |

+200 =X+ 1)(e—d+2*GP, L),
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we see
(5.116)
TO (X)) = Qo = d+ )02 —d+ 2 {20 = 2+ DHEL, 4+ View |
+ M =X+ D) {2(c—d+2)*— (N —c+1)(/\2—c)
(M =o)X —c— 1)} G C+1 c+1)"

Hence the contribution to 7'¢) (C;* - B(*)) from (5.110) and (5.111) is

Xo( + 1) {2 = 20+ DH,, ) + Vi |
+=de ) {20+ 12— (M —a+ D —a) = (M —a) e —a—1D}GEL )
— a0+ 1) {2\ = 20— DH, ) + Vi )
—g "M =X+ D {2(e+2? - (A —a)(A2—a—1)
—(M—a—1)(A—a—2)} G§Z+2 a+2)"
We may rewrite this as
(5.117) A2+ 1D {(B = a7") Viar1.0) + Via0)} — M = a@)(A2 +2)Liat,at1)
+ (1= g (e + 1)@\ — 20— DH,,
+=detD) {20+ 1) = (M —a+ D —a) = (M —a) e —a—D}GLL, o
—g "M =X+ D {2(e+2? - (N —a)(A2—a—1)
M a1 —a—2}G0, L.
The contribution from (5.112) to T (C;1 - B®)) is
{1=m)+ (m+1)g "} { (M= @) HD,, )+ @+ 1) = A+ DG, a+1)}
which we rewrite as
(5.118)  {(1—m)+(m+1Dg '} Ou — o (HEL g + Vier10))
+{@—m)+ m+ g} (a+ 1)\ — )\2+1)G(Z)+2a+2)
The contribution from (5.113) is

(m+1) {(n = a+ 1) + DH,, o) + Oz + DV
Ha+ D= Ao+ DEEL 4 )

+2¢7 {0 = )0 + DHE 5 o) + Ca + DV o)
+Ha+2)(h — e + )G, a+2)}

— (m+1)g! {()\1 —a-1)Oe + DHE, o+ (@+3) (0 — da + DG, HQ)}
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We will rewrite this as

(5119) A2+ 1) {((m+1)A\ —a+1)+2¢7") Vigs1,0) + (m+ 1)V 0y}
- (m + 1)()‘2 + Q)L((H—l,a-‘rl)

+ Qe+ D) {m+ 1) —a+ 1) +g7 (M —a)(1—m) + (m+ 1)} HD,,

+ M =X+ {@+)(m+1)+q (a+1 —m(a+3))}GEZ+2 at2)’

Finally, the contribution from (5.114) and (5.115) is

(1= m) & (m+ g} On = a = DO = (D, )
+{@=m)+(m+1)g '} A=A+ D{(A—a—1)\
+a+2)(A\2—a—1)} G(a+2 a+2)

F{m+1) = (m+3)g} - @) —a+ D0e+ DHD,
+{m+1) = (m+3)07} On = de + {0 = @)+ 1)

+(a+2)(A2 —a)} G(a+1 a+1)’

which we may rewrite as

(5.120) 22+ 1) {(m+1)— (m+3)g '} Vius10)
+M—a){2(1-¢ ) (M —a+1)(Aa+1)
M +2x —a+1){(m—-1)—(m+1) _1}}H(a+2 0
+ [{m+ 1)+ X +2)+2(A + D)X —2(a+1)(a+2)}
¢ {(m+3)A+ A +2) +2(A + 1A —2(a+ 1)(a+2)}]
X (A= A+ DGE, -

Then summing up (5.117), (5.118), (5.119), and (5.120) yields (5.109), i.e
B =1.

5.3.2.4. When m’ >0 and 2m’ +n < 0. Let us put a = —m/ —n and b = m’
Observe that 2m’ +n <0 and m’ > 0 means 0 < b < a.

Recall

Zl = _C(n+1,2m/+n71) F(i),ml_n’ml) + (1 - q_l) Sl(oam/vn)
-1 (s) (9)
-9 (C(n+1,2m’+n—1) G(Q—m’—n,m’) + C((n—&-l,—2m’—n—|—3) G(2 m/—n,2— m’—n))
and
Ié C("H‘l 2m/+n—1) ((1)7n’—n,7n’+1) + (1 - qil) 52(0’ ml’ Tl)

- qi (C(n+1,2m’+n—1) G(limlin’mlil) + C(7L+1,—277L/—n+3) GEilm/,nJ,m/,n)) .
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By Lemma 5.17, we have

71 = —Cli—a—bb—a—1) F((cf,)b)

—(1=¢")Caabpa- 1)G(a+2b+l)
+(1-g¢gH N —a-1)A—b+ 1)()\1+)\2—a—b+1)H((23r2 b+1)
+(1—q )(2+a—b)C(1 a— bO)G(a+2 a+2)

-1 s (s)
—q (C(lfafb,bfafl) G(a+2,b) + C(lfafb,a7b+3) G(a+2,a+2)) .

Note
(s) g®
F(ab)+G(abl Gloay T Hib-1y
SO
4Gl =G+ HY, - L L
(a,b) (a+2,b+1) a) (a,b—1) (a,b—1) (a+1,b)
_ ( ) (s)
=G 2+2 a+2) + H(a+2 b+1) + V(avb) + V(a+1,b+1)'
Thus

_ (s (s)
I = —C1—a—bp—a—1) (G(a+2 a+2) + H(a+2 b+1) + Viap) + V(a+17b+1)>

- ( (s)
+q 1C(l—a—b,b—a—l) (G(Z+2 b+1) G(Z+2 b))
+(1=g ) M—a—DOe—b+ DM +de—a—b+DH,,, )
+ {(2 +a— b)C(lfa,b,o) (3 +a— b)C(l a—b,1 } G(a+2 at2)"

We can rewrite this as

(5.121) T, = ~Cl1—a—bb—a) (H((jlzw) + Vi + V(a+1,b+1))
—q¢ "M —a+1)(M —a—1) L1
(=g DM —a-DA—b+ )M +Ao—a—b+ 1)H((j)+2 bil)

+{0l+a-b)-¢'B+a-b)}Cua- bl)G(a+2a+2>'

Similarly
— (s) -1 (s (s)
Ty = —Cli—a—bb-a-1) Hipip T4 Ci—a-bb—a-1) (G(a+1 b) G(a+1 b— 1))
+1=g )M —a)he—b+2)M+ X +1—a—bH,
+ {(1 +a— b)O(l—a—b,l) —q (3 +a— b)C(l a—b 1)} G(a+1 at1)”
We rewrite this as

(5.122)
Ty={M—a+D)Ae—b+1)—g'Mi—a) Ao —b+2)} (A +Xo—a—b+1)

X (H((:LQ’Z)J’,I) + L(a+1,b) + Vr(a+1,b+1) - L(a+1,a+1)) - q_1(>\1 - a)ZL(aJrl,bfl)

H{0+a=b) = B+a= 0} Caann (Clhaarn + Larrarm) -
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Combining (5.121) and (5.122) gives

(5.123) I'= (A2 — b+ 1)*Viup)
(=) Qe =b+2) + 200 = b)} M2 =b+2)Viar1p11)—¢ (M=) Liat15-1)
+{(1-¢ )N —a+1)=2¢"N —a—1)} (A —a+1)Lat1p)
— (M = b+ 2)°Ligt1,a1)
H{—a)de =B+ M —a+ DA —b+ 1D} M+ Ao —a—b+DH,, )
— M —a =D —b+1) + (0 — a)(Aa — b+ 2)} (-t de—a—b+1)HD,, )
+2{(a=b+1) = ¢ N a=b+3)} Caa )G 200

From Proposition 4.26, we have

o;7t.BY =
(5.124) 207" Liat3,a+3) =2 (1= 07") - Liat2,042) = 2" Lat1,a41)
(5125) +2- Vr(a,b) +2 (1 - qil) : ‘/(a-f—l,b) - 2(]71 ! Vr(a+2,b)
(5.126) +2 Lgyoprny +2(1=a71) - Lia2p) =207 Liat2,p-1)
(5.127) + Platip+1) — Plapy + 0 (Platan) — Plati,-1)) -

With X (. 4) as in the previous section, note that (5.124) plus (5.125) is

Xap) — € " Xas1,)-
Hence by (5.116) the contribution to 7 (C;! - B®)) from (5.124) and (5.125) is

M2 — b+ 1)(Aa—b+2) {(2A1 ~ 2+ DH, )+ wa,b)}
+{2(a—b+2*- (N —a+1)(A—a)— (A —a) A2 —a—1)}
X (A= Ao+ 1)G(Z)+1 a+1)
— g e b+ D0 —b+2) {2 =20 = DHE, ) + Vi |
g {2(a-b+3)* - (M —a)ha—a—-1)— (A —a—1)(A—a—2)}
X (A= Ao+ 1)Gga)+2 a+2)’
We may rewrite this as
o —b+1)(As —b+2)
X {(2/\1 —2a+1) (H((S+2 pi1) T Liat16) + Viat1,641) = Lat, a+1)) + Vi, b)}
+ M =x+D{20a-b+2 -AN—a+ (A —a)— (M —a)(la—a—1)}
(L(a+1 at1) G(a+2 a+2)>
g Mo —b+1)(Na—b+2) {(2A1 —20-1) (H(<a>+2 o)+ L(am)) + v(aﬂ,bﬂ)}
g {2a-b+3*-(M—a)X2—a—-1)— (A —a—1)(A2—a—2)}

x (M =X+ )G, s
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which simplifies to
(5.128)
2{(2\1 —2a+1) = (2A1 —2a — 1)g" "} L(gp1,5)— (A1 —=0+1) (A1 —b+2) L(451,a+1)
A =b+ DA —b+2){(3—¢") Vieg1ps1) + Vi }
+ (e —b+ D) —b+2) {20+ 1) (1—q )+ 20 Y H )
v [{Q(a— b+2)2— (M —a+1D)(Aa—a)— (A —a)ha—a—1)}
e 20-b+3)? - (M —a)ha—a—1)— (A —a— DA —a— 2)}]
x (A =X+ )Gy 0o
Next note that

T (2L(a12.0) + 2L(ar2.411)) = M —a —1)(A\1 — @) Ligy2,a)
+ (M —a—1) (M —a)(2h — 20+ DHD,, 4 )
+{(M1—a-12x2—2d+ 1)+ (A2—a—1)(2a —2d +5)}

X (A1 — A2 + 1)GEZ)+2,(1+2)~

Thus the contribution to T (C;* ~B(s)) from (5.126) is

M —a—1)N —a) (Ls2) — ¢ "Liatrap-1))

M —a—1)( —a) {(QAQ — 2+ DH
+ [{(M —a—1)2x2 —=2b+1) + (A2 —a — 1)(2a — 2b+ 5)}

—¢ (M —a—1)(2X2 =20+ 3) + (A2 —a — 1)(2a — 2b + 7)}]

X (/\1 — Ao + 1)GEZ)+2,(1+2)'

—q @220+ 3)H,, |

We may rewrite this as

(5.129)
()\1 —a— 1)()\1 — a) (1 — 3(]71) L(a-l—l,b) — qil(/\l —a— 1)()\1 — a)L(a+1,b_1)
+—a-D—a){@hn-20+1)(1—q¢ ") =20 Y H,, 0
+ {0 —a—=1)2A2 =20+ 1)+ (A2 —a—1)(2a — 2b+ 5)}
—¢ " {(M—a—1)(2A2 —2b+3) + (A2 —a — 1)(2a — 2b+ 7)}]
X (/\1 — Ao + 1)GEZ)+2,a+2)'
Now note that
() _ (s
Hi oy = Hiyr gy T Lica) T Viearn) = L
implies
T (Pieyr,a41) — Pea) = —(M — ¢+ DLy — (A2 — d + D Ve ar)

— ()\1 +A—c—d+ 1)H((053_17d+1).
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Hence the contribution from (5.127) is

— (M —a+1)Lp) —a "M —a)Ligs1p-1)
= 2 = b+ DViaprn) = ¢ (A2 = b+ 2) V(i)
— M+ —a—b+ DHD, o — g Mt A —a— b+ DH, .
We can rewrite this as
Py =20 "Payip) — (M —a+1)Liap) — ¢ (M — a)Ligy1,-1)
— A2 = b+ DVip) — ¢ (A2 = b+ 2)Vias1,641)
—Mt+A—a—-0b+1)
X {H((;Zrz,bﬂ) + Viat1,641) = Liat1,a01) 47 (H((:l-Z,b+l) + L(a+2vb))}’
or
(5.130)
—¢ "M —a)Ligtip-1y— 1+ ") A —a+1)Ligy1p) + (A —b+2)Ligi1,a41)
— M2 = b+ D)Vip — (L+¢7") (A2 = b+ 2)Viay141)
—Mtde—a—b+ 1) (L+q ) H )
Summing up (5.128), (5.129) and (5.130) yields (5.123).
Thus we establish (5.83) in all cases.






(1]
2]

3

4

(5]
(6]
(7]
(8]

(9]
[10]
(11]

12]
(13]

14]
(15]
[16]
(17)
(18]
(19]
[20]
21]
(22]

23]

Bibliography

E. Baruch and Z. Mao, Central value of automorphic L-functions , Geom. Funct. Anal.
17 (2007), 333-384.

S. Bocherer, Bemerkungen tber die Dirichletreihen von Koecher und Maaf, Preprint
Math. Bottingensis Hefr 68, 1986.

D. Bump, S. Friedberg and M. Furusawa, Explicit formulas for the Waldspurger and Bessel
models, Israel J. Math. 102 (1997), 125-177.

W. Casselman and J. Shalika, The unramified principal series of p-adic groups. II, Com-
positio Math. 41 (1980), 207-231.

M. Furusawa, On L-functions for GSp(4) x GL(2) and their special values, J. reine angew.
Math. 438 (1993), 187-218.

M. Furusawa and K. Martin, On central critical values of the degree four L-functions for
GSp (4): the fundamental lemma.Il, Amer. J. Math. 133 (2011), 197-233.

M. Furusawa and J. A. Shalika, On inversion of the Bessel and Gelfand transforms, Trans.
Amer. Math. Soc. 354 (2002), 837-852.

M. Furusawa and J. A. Shalika, On central critical values of the degree four L-functions
for GSp (4): the fundamental lemma, Mem. Amer. Math. Soc. 164 (2003), no. 782, x+139
pp.

B. H. Gross and D. Prasad, On irreducible representations of SO2p41 X SO2yy,, Canad. J.
Math. 46 (1994), 930-950.

A. Ichino and T. Ikeda, On the periods of automorphic forms on special orthogonal groups
and the Gross-Prasad conjecture, Geom. Funct. Anal. 19 (2010), 1378-1425.

H. Jacquet, Sur un résultat de Waldspurger , Ann. Sci. Ecole Norm. Sup. 19 (1986),
185-229.

H. Jacquet, Sur un résultat de Waldspurger. II , Compositio Math. 63 (1987), 315-389.
H. Jacquet, On the nonvanishing of some L-functions, Proc. Indian Acad. Sci. Math. Sci.
97 (1987), 117-155.

H. Jacquet, Kloosterman identities over a quadratic extension, Ann. of Math. 160 (2004),
755-779.

H. Jacquet, Kloosterman identities over a quadratic extension. II, Ann. Scient. Ec. Norm.
Sup. 38 (2005), 609-669.

H. Jacquet and N. Chen, Positivity of quadratic base change L-functions, Bull. Soc. Math.
France 129 (2001), 33-90.

H. Jacquet and Y. Ye, Relative Kloosterman integrals for GL (3), Bull. Soc. Math. France
120 (1992), 263-295.

I. G. Macdonald, Orthogoanl polynomials associated with root systems, Séminaire
Lotharingien de Combinatoire 45 (2000), Article B45a.

Z. Mao and S. Rallis, A Plancherel formula for Sps, /Sp,, X Sp,, and its application,
Compositio Math. 145 (2009), 501-527.

Z. Mao and S. Rallis, A relative trace identity between GLay, and é;n, Duke Math. J. 152
(2010), 207-255.

K. Martin and D. Whitehouse, Central L-values and toric periods for GL(2) , Int. Math.
Res. Not. 2009 (2009), 141-191.

O. Offen, Relative spherical functions on p-adic symmetric spaces (three cases), Pacific J.
Math. 215 (2004), 97-149.

Omer Offen, Correction to “Relative spherical functions on p-adic symmetric spaces”,
Pacific J. Math. 236 (2008), 195-200.

131



132 BIBLIOGRAPHY

[24] D. Prasad and R. Takloo-Bighash, Bessel models for GSp(4), J. Reine Angew. Math. 655
(2011), 189-243.

[25] 1. Satake, Theory of spherical functions of reductive algebraic groups over p-adic fields,
Inst. Hautes Etudes Sci. Publ. Math. 18 (1963), 1-69.

[26] J.-L. Waldspurger, Sur les coefficients de Fourier des formes modulaires de poids dems-
entier, J. Math. Pures Appl. 60 (1981), 375-484.

[27] J.-L. Waldspurger, Sur les valeurs de certaines fonctions L automorphes en leur centre
de symétrie , Compositio Math. 54 (1985), 173-242.

[28] Y. Ye, The fundamental lemma of a relative trace formula for GL (3), Compositio Math.
89 (1993), 121-162.

[29] Y. Ye, An integral transform and its applications, Math. Ann. 300 (1994), 405-417.



Al (u, 1), 3
AG) (2, p), 4

Ay (b, z,2,y), 96
ay N, 18

Ax s 33

ALY (e), 48

Ag, 60

B, 10
B, 11
™, 11
b, 11
B/
inert case, 107
split case, 114
B@ (u, 115 ), 3
B(@) ()), 44
B(@) (A u, ), 22
B* (\;v, 1), 33
B() (z, 15 f), 4
B() (\), 48
B() (N, 1), 23
B (%), 60

(N, 105
Cqa (M), 45
Cs (N), 55
Cleay, 112
Xs, 11
X0, 12

e (M), 20

(a)
F(c,d)’ 106

Index

133

(a)
HY, 108

(s)
H,, 114
Ho, 22

I (s’aﬁ f)7 2
I(\;s,a), 24
1G) (X s,a), 97
I/
inert case, 107
split case, 114
T (2, p5 f), 5
(N, p), 24
W (A2, 1), 104
W) (A, ), 104
T2 (A, 1), 104
T2 (X z, 1), 104
t(h1,h2), 2

J®D 105
JZ9) 105
K%, 24

k), 24
KI(A; S, T), 30
Kl (r,s), 28
Kli, 29

Kl (x, p; 1), 29
Klz2, 29

Kla (z, p; 1), 29

N(N), 48

./\/’)f’j (z, ), 48
N)\l',]'»(k) (z, ), 61
N5 (A7), 48



134

Pap), 44
P(, ) 55
Pt 12

P, 56

P}, 60

Pt (z,p), 48
Py, 9

P, 13
k!

b, 22

w?, 11

¥, 1,2

Q@ 12
Q®), 12

R(@) 3
R(@) 3
R(), 3
R() 3

S, 87
S(r,s), 28
sgn, 27
S\, 8

T() 3
T¢), 3
0, 4

7'(“), 3
7() 4

u(z1,x2,23,24), 2

V(a,b), 61
!
Via,py» 61

W, 1
Wy, 11
Ws,a, 2

=, 1
£@ 3
€9, 4

Z,, 105

degenerate orbital integral
anisotropic Bessel, 22
split Bessel, 23
Rankin-Selberg type, 24, 24

explicit formula
anisotropic Bessel model, 12, 13
split Bessel model, 12, 13
Whittaker model, 12, 13

functional equation
anisotropic Bessel orbital integral, 33
Novodvorsky orbital integral, 47

INDEX

split Bessel orbital integral, 47
Rankin-Selberg type orbital integral, 103,
104

Gauss sum, 27
Gaussian integral, 27

inversion formula
anisotropic Bessel case, 20
split Bessel case, 20
Whittaker case, 21

Kloosterman sum, 28
matrix argument, 30
Kostka number
inert case, 24
split case, 24

Macdonald polynomial, 9
matching

inert case, 5, 25

split case, 5, 25

orbital integral
anisotropic Bessel, 3
Novodvorsky, 4
Rankin-Selberg type, 2
split Bessel, 3

Plancherel measure
anisotropic Bessel model, 20
split Bessel model, 20
‘Whittaker model, 21

reduction formula
anisotropic Bessel orbital integral, 22
Rankin-Selberg type orbital integral, 24
split Bessel orbital integral, 23

Salié sum, 28

Weyl character, 8



