Part 1
The first part

1 Number Fields

I will assume that every one is familiar with the material in the first year algebra sequence, notably
groups, rings, fields, ideals and Galois theory, as well as the material from Number Theory I, though
I will review some of the key definitions and results which the undergraduates may not be familiar
with, and perhaps the graduate students have forgotten. In this first section, we will go over the
basics of number fields, which will largely be a review of the second half of last semester, with some
generalizations of notions introduced in the context of quadratic fields. However some fundamental
notions will be new to us, such as discriminants. We will for the most part omit proofs of results
covered last semester (even if we only sketched the proof) or in a standard Algebra course. For
complete proofs, refer to any standard texts on Algebra and Algebraic Number Theory. Since the
material in this chapter should be largely familiar to you, and the point is to fill in some things we
missed last semester, we will go through this section rather quickly.
The presentation of the material in this chapter is based on [Stewart—Tall|.

1.1 Algebraic Numbers

Let R[x] denote the ring of polynomials in = with coefficients in a ring R. We say p(x) € R[z] is
monic if the leading coefficient of p(z) is 1. (All rings for us are commutative with 1.) By the
Fundamental Theorem of Algebra, any polynomial in Q[z] factors into linear factors in C. We say
a € Cis an algebraic number if it is the root of some p(z) € Q[z] (or equivalently a polynomial in
Z[z], but then we can’t assume it’s monic). Without loss of generality we may assume p(z) is monic.
If p(z) is of smallest degree such that this is true, and we say p(x) is the minimum polynomial
of a (over Q), and the degree deg(«) of o defined to be the deg(p(z)). If in fact p(z) € Z[x], we
say « is an algebraic integer.

Some basic facts from algebra are that

(i) the minimum polynomial p(x) of « is uniquely determined (which is why we make the monic
condition),

(ii) p(x) is irreducible over Q (and therefore Z if p(z) € Z[x]), and

(iii) if g(z) € Z[z] and g(a) = 0, then p(z)|g(x) (in Q[z] or Z[x] if p(x) € Z[x]).

Lemma 1.1.1. Let « € C. Then [Z[a] : Z] < oo if and only if « is an algebraic integer. In this
case {1, o, ,am_l} is a Z-basis of Z[a] where m = deg(«).

This was Proposition 10.9 from last semester.
Lemma 1.1.2. Suppose a is an algebraic number. Then ca is an algebraic integer for some ¢ € 7.
Proof. Suppose the minimum polynomial for « is p(z) = 2™ + Z:—jm"_l +- 4 Z—llx + Z—g where each

ai,b; € Z. Let ¢ = boby -+ -by—1. Then p(¥) = L5 + -=Lyyn=l oo Ly 4 90 Multiplying by
", we see

Y ap—1C . _ apc ! apc”
ay) =c"p(0) =y" + "+ y+—— €L
c bn—l bl bO
But ¢(ca) = ¢"p(a) = 0, so y is an algebraic integer. O



Recall from algebra that if R is an integral domain (not the zero ring and has no zero di-
visors), we can form the smallest field F' containing R by considering the set of fractions F =
{% ca,be Rb# O}. This is called the field of fractions or fraction field of R.

Theorem 1.1.3. The set B of all algebraic integers form a subring of C, and the set A of all
algebraic numbers form its field of fractions.

We omitted the proof last semester, so here it is, in all its glory.

Proof. Note that by the Lemma 1.1.1, B consists precisely of all elements o € C such that [Z[a] :
Z] < oo. To show it is a subring of C, we want to show if «, 5 € B, then so are a + 3, — 3 and
af3. But these elements are all clearly in Z[«, f], and

Zla, B] - Z) = [Za, B] - Z[d]] - [Z]e] - Z) < [2]B]) : Z] - [Z]o] : Z] < o0

Since Zla + ], Z[a — 3] and Z[a3] are all contained in Z[a, 8], they must all have finite degree.
To see that A is its field of fractions, one runs through the same argument for fields. Namely,

one shows that [Q(«) : Q] < oo if and only if « is algebraic. The above argument shows A is a field.

Lemma 1.1.2 shows that any element of A is a quotient of two elements in B. O

Exercise 1.1. Show by example that [Z[a, (] : Z[a]] need not equal [Z]3] : Z).

Definition 1.1.4. Let K be a subfield of C We say K is a number field if [K : Q] < co. Its ring
of integers is Ox = BN K.

From now on we let K denote a number field.
Proposition 1.1.5. K s the field of fractions of Ok.

This follows from Lemma 1.1.2 as in the proof of Theorem 1.1.3.
Proposition 1.1.6. We have K = Q(«) for some algebraic integer c.

This is the Primitive Element Theorem from Galois theory. Here « is called a primitive
element for K (over Q).

Proposition 1.1.7. We have [K : Q] = [Ok : Z].

Proof. Let aq,...,qa, be a Z-basis for Or. By Lemma 1.1.2, any x € K is a Q-linear combination
of a1,...,a,. Hence to see ai,...,a, is a Q-basis for K it suffices to show they are linearly
independent of Q. Suppose {taq + -+ + §2a, = 0 for some a;,b; € Z. Multiplying through by
biby - - - by, the fact that the «;’s are linearly independent over Z (and no b; = 0) implies each
a; = 0. O

If L C Cis a field containing K and [L : K] is finite, we say L is a finite extension of K of
degree [L : K|. Clearly this means L is also a number field since [L: Q] = [L : K] - [K : Q).

Corollary 1.1.8. If L is a finite extension of K, then [L : K] =[O : Ok].

Proof. [L: K| =[L:Q]/[K:Q]=[0L:Z]/|Ok :Z] = [OL : Ok]. O



Suppose K is a quadratic field, i.e., [K : Q] = 2. Recall that we may write K = Q(v/d) where
d € Z is squarefree (and d # 1). Recall d squarefree means n?|d = n? = 1.

Example 1.1.9. Suppose d € Z is squarefree, d # 1, and let K = Q(v/d). Then

O — Z[HQ‘/E} d=1 mod 4
"7 lzvd  d=23 mod 4.

If d > 0, we say K is a real quadratic field since K C R. There are infinitely many units
of Ok, and they are generated by a fundamental unit ¢ = x + y/n (the smallest € > 1 such that
N(e) = 22 —ny? = £1) and —1.

If d < 0, we say K is an imaginary quadratic field since K € R. Here there are only
finitely many units of Ok, and precisely they are £1, +i (the 4-th roots of unity) if d = —1; they are
+1,4(3, £C3 (the 6-th roots of unity) if d = —3; and they are &1 (the 2-nd roots of unity) otherwise.

(Recall the units of a ring R are the set of invertible elements and they are a group under
multiplication.)

1.2 Some Galois theory

Let L/K be an extension of number fields of degree n, i.e., [L : K] = n. An embedding of L — C
is a field homomorphism from L into C, i.e., a map o : L — C such that o(z +y) = o(z) + o(y),
o(ry) = o(z)o(y), o(—x) = —o(x) and o(z~!) = o(x)~!. Necessarily o(0) = 0, o(1) = 1, and
consequently o fixes Q, i.e., o(x) = z for each z € Q.

Example 1.2.1. Let L = Q(i). A Q-basis for L is {1,i}. If o : L — C is an embedding, it fizes
1, so it is determined by what it does to i. We must have o(i)? = o(i?) = o(—1) = —1 s0 i must
map to a square root of —1, i.e., either i or —i. One may check that both of these give embeddings,
o : Q(i) — C given by o1(a+ bi) = a+bi (the trivial embedding), and o2(a + bi) = a —bi (complex

conjugation).

The Galois group of L/K, denoted Gal(L/K) is the group of all embeddings of L — C which
fix (each element of) K. The Galois closure of L/K is the smallest extension L’ of L such that
each o € Gal(L/K) maps into L'. We say the extension L/K is Galois if L' = L.

Example 1.2.2. K = Q and L = Q(i). Every embedding of L into C fizres K, so Gal(L/K) =
{o1,09} from the example above. Every embedding lies in L, so L/K is Galois.

By the Primitive Element Theorem, we may write L = K(«) where « is an algebraic integer.
Let f(z) € K[x] be the minimum polynomial for o over K. This means f(x) is the irreducible monic
polynomial of smallest possible degree with coefficients in K (in fact Ok since « is an integer) such
that f(a) = 0. It is not difficult to show that deg(f(z)) = n (in fact, we already did in the case

K = Q).

Example 1.2.3. K = Q(v/2) and L = Q(v/2) = K(a) where a®> = /2 € K. The minimum
polynomial for a over K is f(x) = x> — /2. (Contrast this with the minimum polynomial for o
over Q: p(z) = 2* — 2, of degree 4).

Exercise 1.2. In the above example, show L/K is Galois, but L/Q is not.



Theorem 1.2.4. Suppose L = K(«) and f(x) is the minimum polynomial of o over K. The n
roots of f(x) are all distinct, call them o = a1, 09, ..., an. Every embedding of L — C permutes
the roots f(x), and Gal(L/K) acts transitively on the roots. Conversely, every embedding L — C s
uniquely determined by the way it permutes the roots of f(x). Therefore, Gal(L/K) is isomorphic
to a transitive subgroup of Sy. Further the Galois closure of L/K is L' = K(aq,aq,...,ay), i.e.,
L/K is Galois if and only if L contains all the root of f(z).

See any reference on Galois theory. Here S, denotes the symmetric group on n-letters, i.e., the
permutations of {1,2,...,n}. Note that L' = K(aq,...,a,) is often called the splitting field of
f(x) (over K), since it is the smallest field such that f(x) splits into linear factors.

Corollary 1.2.5. Any quadratic extension L/K (i.e., [L: K] = 2) is Galois.

Proof. Write L = K(«) and f(z) as the minimum polynomial for a over K. It is immediate from
the quadratic formula that once L contains one root of f(x), it contains the other. Hence L/K is
Galois by the above theorem. O

Example 1.2.6. Letn > 0. The splitting field for f(z) = x?>+n over K = Q is L = Q(v/—n). This
also splits the quadratic form x + ny®. The extension L/K is Galois by the above corollary, and
the Galois group is given by the maps o1(a + by/—n) = a + by/—n and o2(a + b\/—n) = a — by/—n.
The map a1 corresponds to the trivial permutation of the roots £v/—n of f(x), and o2 interchanges
these two roots.

Exercise 1.3. Let K = Q and L = Q(3/2). Determine the splitting polynomial f(z) for a = /2
over K. Using the above theorem, answer the following. (i) Is L/K Galois? If not, find the Galois
closure. (i) Determine Gal(L/K) explicitly (either as embeddings or permutations of roots of f(x).

All of the above is covered in any standard lectures on Galois theory (though we haven’t stated
the main theorems of Galois theory), but now we will be introducing notions that are more properly
a part of a course on Algebraic Number Theory.

Definition 1.2.7. Let o € L. The conjugates of a in L/K are the elements o = o(a) where
o € Gal(L/K). The norm of a from L to K is Ny k() = [l eqa(r k)@ and the trace of o

from L to K is TrL/K(Oé) = ZaeGal(L/K) ar.

In the case K = Q and L is understood, we simply write N(a) and Tr(a) for Ny /x(a) and
Trr/k (). It is a standard fact from Galois theory that a € L in fact lies in K if and only if a7 = «
for each 0 € Gal(L/K).

Warning: If L/K is not Galois, then the conjugates of a in L/K may not lie in L. Precisely,
if L/K is not Galois, then there exist o € Gal(L/K) such that the image of ¢ is not contained in
L. Hence there is some o € L such that the conjugate o(L) ¢ L. What is true is that they always
lie in the Galois closure L’ of L, by definition of the Galois closure.

Example 1.2.8. Let L =Q(Vd) and K = Q. Fora=a+bJ/d € L, Npk(a) = N(a) = a* — db?
and Trp, (o) = Tr(a) = 2a.

Lemma 1.2.9. The norm map is multiplicative and the trace map is additive. For a € L, NL/K(oz),
Trp k(o) € K. Further, if a € Of, then Np g (a) € Ok and Trp k(o) € Ok.



Proof. The first statement is immediate from the definitions. The second statement is true since
the product and sum of all the conjugates of « are invariant under Gal(L/K), and therefore lie in
K. For the last statement, observe « is an algebraic integer if and only if each of its conjugates are
(since they all have the same minimum polynomial). O

Corollary 1.2.10. Let « be an algebraic number of degree 2 and L = Q(«). Then « is an algebraic
integer if and only if N, q(a), Trp g(a) € Z.

Proof. The = direction follows from the lemma. The other direction follows from the fact that the
minimum polynomial of « is #? — Trp g(c)z + Ny g(a), which was an exercise last semester. [

Note that this is not true for algebraic numbers of higher degree. In general if « is of degree
n, one needs to consider the symmetric functions 7; : L — Q where L = Q(«) and 7j(x) is the
sum of all products of j conjugates. For instance if 1 = x, x9, ..., z, denote the n conjugates (not
necessarily distinct numbers) of x, then

T(x) =z1+ 224+ ... + 28 = TrL/Q(m)

() =x122 + 123 + -+ + T 1Ty, + ToXg + - T2y + - F Tp_1Tp

™(x) =z1229 - Yy = NL/Q(:L’).
Then one can show the minimum polynomial for « is
2"+ (=) ()2 - — @)z 4 T(a).

Exercise 1.4. Suppose a, 3 € L are conjugates in L/ K. Show N, i (o) = Ny g (B) and Trp /g (a) =
Trr/k(8)-
Exercise 1.5. Let a € O. Prove a is a unit of Ok if and only if N g(a) = +1.

Exercise 1.6. Write down a Q-basis for K = Q(3/2). For each o in this basis, compute Ngjgla)
and Trg(a).

Exercise 1.7. Let K = Q(v2) and L = K(/3) = Q(v2,V3). Write down a Q-basis for L.
Compute Gal(L/K) and Gal(L/Q). (Hint for those who haven’t seen Galois theory before: it’s not
so easy to find a primitive element for L/Q and determine its minimum polynomial, so it’s better
to just use the definition of the Galois group. Of course, if you know Galois theory, there are other
ways to determine Gal(L/Q) and you may do it any you like.) For each o in this basis compute

Npk(a) and Npg(a). Check that Nig(a) = Ng/o(Np k().

One thing you may have noticed in the examples and exercises above is that Gal(L/K) tends to
equal [L : K]. In fact this is always true and is one of the standard results in Galois theory, though
you may have only proved it for Galois extensions.

Proposition 1.2.11. |Gal(L/K)| = [L : K].

Proof. Write L = K(a). Then 1,q,...,a" ! is a Q-basis for K. Thus an embedding o : L — C
which fixes every element of K is determined by what it does to «.

Let f(x) be the minimum polynomial of «, which has degree n = [L : K]. Since o is a field
homomorphism, o(«) must also have minimum polynomial f(z). Since f(x) has n distinct roots,
a = aq,Q9,...,Q,, there are n possibilities for o € Gal(L/K) given by o(a) = «;. One formally
checks that each of these give an embedding into C. 0l



1.3 Discriminants
Let K be a number field, n = [K : Q]. Then |Gal(K/Q)| = n. Write Gal(K/Q) = {a1, ..., an}.

Definition 1.3.1. Let {a1,...,an} be a Q-basis for K. The discriminant of {a,...,a,} is
Ao, ..., a,] = det (oi(a))? .
If aq, ..., is a Z-basis for Ok, we define the discriminant of K to be Ax = Alay, ..., ap].

If R is a ring, we define the M, (R) to be the set of n x n matrices with coefficients in R. This is
also a ring, with the obvious identity element, and the invertible elements of M, (R) form a group
under multiplication, denoted by GL,,(R), and called the general linear group of rank n over R.
If R is an integral domain, then A € M, (R) lies in GL,(R) if and only if det(A) is a unit in R.

Lemma 1.3.2. Let {a1,...,an} and {f1,...,0n} be two Q-bases for K. Then we can write

B aq
/6'2 _ o a‘2
ﬂn (877}

for some C € GL,(Q). Then A[B1,. .., B = det(C)?Alay, . .., an)].

Further, if {oa,...,an} and {f1,...,Bn} are Z-bases (also called integral bases) for Ok, then
we may take C € GL,(Z). in the above. Consequently, AlBi,...,0n) = Alau,...,qn), i€, Ag
does not depend on the choice of the integral basis for Ok .

Proof. The fact that there is some such C' is elementary linear algebra. The equation about deter-
minants follows from (o;(3;)) = C (04(ct;)), which holds because each o; fixes Q. (If this isn’t clear
to you, just write out the equations By = > cjra; for, say n =2 or 3, and apply each o;.)

The second paragraph follows in the same way. Here we note that if C' € GL,(Z), then det(C) =
+1, so det(C)? = 1. This provides at least one explanation for why we look at the square of the
determinant in the definition of the discriminant—so that we can define Ag as an invariant of a

number field, independent of choice of basis for O. O
Exercise 1.8. A priori, the discriminant Alay, ..., ) is defined for an ordered Q-basis o, . .., ay
of K. Show that the above lemma implies this discriminant does not depend upon the order, i.e.,
for any T € Sy, show Alar(1y, ..., ary] = Alag, ..., ap).

Note: the quantity det(o;(c;)), which is one of the square roots of the discriminant, is called
the different of {a1, a9, -+ ,a,}. We will not use the different in this course (I don’t think), but
you may see come up if it you look at other texts.

A note on terminology: one can form the different and discriminant for an arbitrary collection
of n integers a1, ..., a,. Then the discriminant and different are nonzero if and only if aq,...,ay,
are linearly independent, i.e., form a Q-basis for K. Furthermore, if ay,...,a, and Gy, ..., 3, have
different discriminants then the submodules M = {d nja; : n; € Z} and N = {> n;f5; : n; € Z} are
distinct.



Example 1.3.3. Let d # 1 be a squarefree integer and K = Q(\/&) Suppose d = 2,3 mod 4 so
Ox = Z[Vd]. We can take {a1,as} = {1, \/&} as a choice for an integral basis for Ox. We can
write Gal(K/Q) = {01,092} where oy is trivial and oo permutes v/d and —/d. Hence the matriz

o= (] ).

which has determinant —2v/d. Hence the discriminant of K is Ax = A[l,V/d] = 4d.

Exercise 1.9. Let d # 1 be a squarefree integer and K = Q(\/&) Suppose d = 1 mod 4. Compute
the discriminant Ag of K.

Lemma 1.3.4. Let a,...,a, be a Q-basis for K. Then Alay,...,a,] € Q\{0}. Ifaq,...,ap €
Ok, then Alay,...,a,] € Z\ {0}.

Proof. By the previous lemma, the discriminants of any two bases for K differ by rational squares.
Hence it suffices to check that it is true for a single Q-basis of K. Then the second statement follows
from the first, since the discriminant is then a polynomial expression of algebraic integers, and thus
an algebraic integer itself.

We can write K = Q(«) where « is some algebraic number (integer if we like) of degree n. Then
{1,047 a?, ... ,a"‘l} is a Q-basis for K. Let a1 = o, g, ..., a, denote the (distinct) conjugates of
«. Then the conjugates of o' are af = a’,ab,...,a’,. Hence the determinant of this basis is the
square of the discriminant of

1 ap o o/f_l

1 as o ag_l
A= S

1 a, o2 ant

This matrix is a Vandermonde matrix, and it is a standard algebra exercise that this has determinant
[li<icj<n(ej — ;). (The determinant is a polynomial in the a;’s, and clearly it is zero if some
a; = aj, so each polynomial a; — o; divides the determinant. Then one counts the degree of the
polynomial, to show that this is correct up to a constant. Comparing coefficients of one of the terms
gives the Vandermonde determinant formula. You could also prove this by induction, but the above
argument seems simpler.)

Hence Ao, ..., an] = [[;4;(j — ;). Note any o € Gal(K/Q) simply permutes the terms in
this product, i.e., Alay, ..., a,] is Gal(K/Q)-invariant, and thus in Q. It is clear from the product
expression that it is nonzero. O

Exercise 1.10. Verify the Vandermonde determinant formula given above for n =2 and n = 3.

While, the determination of Ok was simple for quadratic fields K, in general it is not so easy.
There are algorithms to determine O, but we will not focus on this problem in general, as we will
only need explicit determinations of Ok in special cases. However, we will briefly indicate how one
can use discriminants to help find a ring of integers. It suffices to find an integral basis for Og.

1. Guess a possible integral basis {1, --,0,} for Ok. Suppose {ai,...,a,} is an actual
integral basis for Ox. Then A[B, -, B,] = det(C)?Alay, . .., a,] = det(C)?Ak. In other words,

10



AlfBy, -+, Bn] is a square (in Z) times Ax. Hence if A[f3y,..., B, is squarefree, then {f1,...,0,}
is an integral basis for Og.

2. If A[By, -+, Br] is not squarefree, {31, - - , B, } may still be a basis (see Example 1.3.3 above),
but if it is not, then Ok contains an integer of the form %(clﬂl +cofa+ -+ cpfBy) for some ¢, € Z

and p is some prime such that p?|A[81,- -+, Bn]. Check to see if any numbers of this form give any
new algebraic integers not generated by f31,...,3,. If so, suitably modify the choice of (1,..., 0,
and repeat. If not, then (1,..., 3, is an integral basis of Og.

Exercise 1.11. In the last section, we considered general extensions of number fields L/K. One
reason you might want to do this is the following. We want to use K = Q(v/=5) to study the
form 2 4 5y%. However Ok does not have unique factorization. But we can embed K in the field
L = Q(v/=5,1i) which does have unique factorization. Now one wants do determine Op. A first
guess might be {1, V=5, 1, \@} is an integral basis for Op. It is certainly a Q-basis for L. Compute
the discriminant of this Q-basis. Can you determine Oy, ?

However we will primarily be concerned with other applications of discriminants this semester,
most immediately to ideals in the next section.

Discriminants are a fundamental invariant of number fields. Another thing they provide is
natural way to at least partially order number fields. (There are only finitely many fields of a fixed
discriminant.) The quadratic fields Q(v/d) can easily be ordered by d (which actually is a function
of the discriminant, but how can one order fields of a more complicated form, such as Q(v/3, v/—19)
and Q(v/—7,+/11)?) Once one has some sort of ordering, it is meaningful to ask questions like what
percentage of fields (of a certain type) have class number 1 or 2, or more generally, how many fields
up to a certain point satisfy Property X7

We also remark that there is a geometric interpretation of determinants (and differents), which
comes from the geometric interpretation of discriminants. For now, we will just mention it in
the simplest case K = Q(v/—d) where d > 0 squarefree. Then if a, 3 is a Q-basis for K, o and
B generate a lattice A = (o, 8) = {ma+nB:m,n€Z}. Then vol(C/A) = 3\/—Ala,]. In
particular, Ax = —4vol(C/Ok)%. We can state an analogue of this for arbitrary number fields
when we study the geometry of numbers.

1.4 1Ideals

Let K be a number field. Recall Z is an ideal of Ok if 7 is a nonempty subset of O which is
closed under addition and multiplication by Og. The norm of an ideal Z of O is N(Z) = |Ok /Z|.

Lemma 1.4.1. For any nonzero ideal T of Ok, the norm N(I) = |Ok/I| is always finite. Fur-
thermore, if B1,...,Bn is a Z-basis for Ok, then N(Z) = \/A[ﬁ%{"ﬁ”].

Recall a free abelian group of rank n is a group isomorphic to Z". For the proof, we use
the fact that if A is a free abelian group of rank n, and B is a subgroup of A, then B is also free
abelian of rank < n.

Proof. Let n = [K : Q]. Then O is a free abelian group of rank n (w.r.t. addition). We can regard
T as a subgroup of O, which must also be free of rank < n. Let ¢ € Z be nonzero. Then (Oki, +)
is a (free abelian) subgroup of (Z,+) of rank n, hence Z has rank n.

11



Now we let (1, -+, 0, be a Z-basis for Z. Then there is a Z-basis a1, -, a, of Ok such that
for each ¢ we can write 3; = ¢;a; for some ¢; € Z. Then it is clear O /Z = [ C,,, where C, denotes
the cyclic group of order r. In particular N(Z) is finite.

Moreover, we have

B C1 g

Ba| ca %

671 Cp, Qo
By Lemma 1.3.2, we have A[B1, ..., 8. = N(Z)?Alay,...,an] = N(Z)?Ag. This gives the result
since N(Z) > 0. O

Note that the norm of the zero ideal is infinite as we have defined it, though it may make more
sense to define it to be 0 in light of the the next result, which relates norms of ideals to norms of
elements. In any case, since we have no particular reason to work with the zero ideal, in order to
simplify statements we will from here on, assume all our ideals our nonzero, unless explicitly
stated otherwise.

Proposition 1.4.2. Suppose T = («) is a principal ideal of O . Then N(I) = |Ng g(a)|.
Here the norm on the left is the ideal norm, and the norm on the right is the norm of an element.

Proof. Let ay,...,a, be a Z-basis for Og. Then 8 = aaq,..., B, = aq, is a Z-basis for Z. Write
Gal(K/Q) = {o1,...,0,}. Note

oi(@)oi(ar) -+ or(a)or(ay) 2
A[ﬁl, e ,ﬂn] = det
on(@)op(ar) -+ op(a)on(an)
2

™ Y

= det . det

. Un(a) O'n(al) . O-n(an)
= NK/Q(Q)QA[OQ, ce ,Oén] = NK/Q(Oz)zAK.
Now apply the previous lemma. O

This implies that the ideal norm is multiplicative, at least for principal ideals. Of course, we want
to know it’s multiplicative for all ideals, and this basically follows from some simple isomorphism
theorems, but at one point, to keep our argument as simple as possible, we will use fractional ideals.
This is justified by Theorem 1.4.4 below (which we have already given last semester), whose proof
does not rely on this result. Recall that the product of two ideals Z and 7, is the ideal generated
by all elements of the form ij for i € Z and j € J,i.e., ZJ = {D_ imim : im €L, jm € T }.

Proposition 1.4.3. Let Z, J be ideals of Ox. Then N(ZJ) = N(Z)N(J).
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Proof. By the ring isomorphism theorem, Og /T ~ (Ox/ZJ)/(Z/ZJ). (Just think about the case
where O = 7,7 = (m),J = (n). Then this says Z/mZ ~ (Z/mnZ)/(mZ/mnZ).) The details are
in the exercise below. Hence N(ZJ) =|Z/ZJ|- N(Z).

Now it suffices to show Ok /J ~ Z/IJ, say as abelian groups. Consider the map ¢ : O —
Z/TJ given by ¢(a) = aZ +ZJ for a € Ok. It is clear it is a group homomorphism. Note
dla) =TJ <= oI +1IJ =1IJ <= oI C IJ, which, multiplying by Z~! is equivalent to
aOk C J, which is equivalent to o € J. Hence ker(¢) = J. On the other hand, it is clear ¢ is
surjective. Thus it induces the desired isomorphism ¢ : O /J — Z/1J. O

Exercise 1.12. Show the map ¢ : O /IJ — Ok /I given by a + IZJ — a+ I for a € Ok 1is
well-defined (i.e., ¢ does not depend on the choice of coset representative o € oo +Z.J ), has kernel
Z/ZJ, and is surjective. This gives the isomorphism Ok /T ~ (O /IJ)/(Z/ZJ) claimed above.

If 7 C K such that aZ is an ideal of O for some a € O, we say I is a fractional ideal of O.
Moreover a fractional or ordinary ideal Z is called principal, if it is generated by a single element,
i.e., if it is of the form aOk for some a € K. Denote by Frac(Ok) the set of (nonzero) fractional
ideals of Ok, and Prin(Ok) the set of (nonzero) principal fractional ideals of Og. Multiplication
for fractional ideals is defined the same as for ordinary ideals.

Theorem 1.4.4. Frac(Of) is an abelian group under multiplication, and Prin(Ok) is a subgroup.

If Z, J are ideals of Ok, we say J divides Z (J|Z) if J 2 Z, from which one can conclude from
the above theorem that Z = JJ’ for some ideal J’. An ideal Z of O is proper if Z # Ok. We
say a proper ideal p is prime if p|ZJ implies p|Z or p|J (technically, the zero ideal is prime, but
we are ignoring the zero ideal), and it is maximal if Z|p implies Z = p or Z = O.

Recall that p is prime if and only if Ok /p is an integral domain, and p is maximal if and only
if Ok /p is a field. (Remark: this kind of result is one reason we don’t allow for a field to have just
one element.) Since every finite integral domain is a field, one is able to conclude every (nonzero)
prime ideal is maximal and vice versa.

Theorem 1.4.5. (Prime ideal factorization) Let Z be a proper ideal of Ox. ThenZ =py---p,
where the p;’s are prime ideals of O . Moreover the p;’s are determined uniquely up to ordering.

We proved these theorems last semester, modulo a couple of details about the first theorem. If
you want to fill in these details for yourself, you can try to work it out yourself from the Chapter
12 notes from last semester, or see any text on Algebraic Number Theory, such as [Stewart—Tall].

Definition 1.4.6. The quotient group Frac(Ok)/Prin(Ok) is called the class group of K, and
denoted Cl(Ok) or Cli. The size of the class group is called the class number of K, and denoted
by hi.

Corollary 1.4.7. Ok has unique factorization if and only if hx = 1.

Proof. Note hxg = 1 means Ok is a PID. Since every PID is a UFD (from algebra or last semester),
the <= direction holds.

To prove the = direction, suppose Ok has unique factorization. Suppose p is a prime ideal of
Ok. Let n € p and n = a3 - - -y be unique factorization of n into (non-unit) irreducibles. Note
each «; satisfies the prime divisor property by unique factorization, each «; is a prime element
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of Ok, and therefore each (o) is a prime ideal. Hence (n) = (a1)(o2) - - (oy) is the prime ideal
factorization of (n).

On the other hand, since p|(n), p must equal one of the (a;)’s by uniqueness of prime ideal
factorization. Hence every prime ideal of O is principal. Then by prime ideal factorization again,
every ideal must be principal. O

We mentioned last semester that there are only finitely many imaginary quadratic fields with
unique factorization, and conjecturally infinitely many such real quadratic fields. We will a bit more
talk more about this later, but first we need a way to compute the class group or class number of a
field. In fact, perhaps even before that, we want to know the class number is finite. The standard
proof for this is via Minkowski’s theory of the geometry of numbers, and it will in fact give us a bound
on the class number, which will in turn allow us to compute the class group in explicit examples. In
fact, to get an idea of how one can do such a thing, you may want to look at the Chapter 12 notes
from last semester, where, following Stillwell, I prove directly that hQ( JF) = 2, though we didn’t
have a chance to cover it in lecture last semester. The proof via Minkowski’s theorem is somewhat
less direct, and to keep things as simple as possible, we will only give a complete proof in the case
of quadratic fields. A more sophisticated proof of the finiteness of the class group is via the theory
of p-adic numbers and adéles which we will develop in Part III. Time permitting, we will give this
proof in the 3rd part of the course for general number fields.

Another way to compute the class number is to use a formula of Dirichlet, which we will turn to
after Minkowski’s bound. An alternative way to compute the class number and group for quadratic
fields will be given by Gauss’s theory of binary quadratic forms in Part II (which historically came
first).

1.5 Lattices

Before explaining Minkowski’s geometry of numbers, we need to know some basic facts about lattices.

Definition 1.5.1. A (complete) lattice A in R™ is a subset of R™ of the form (vi,va,...,vn) =
{>>av; : a; € Z} such that vy,...,v, € R™ are linearly independent over R. The set vy,... vy, is
called a basis for A (it is a Z-basis). As both R™ and A are abelian groups under addition, we let
R™/A denote the quotient group. A fundamental domain for A (or R"/A) is a connected, locally
convezt Q of R"™ such that Q contains exactly one element from each coset of R™/A.

In other words, the (complete) lattices in R™ are the Z-spans of bases of R™. The adjective
complete refers to the fact that the number of basis elements of the lattice is maximal. An incomplete
lattice of R™ would be the Z-span of a basis of a proper subspace of R"™. However, for us, all lattices
will be complete unless stated otherwise.

Note a lattice is a free abelian subgroup of R" of rank n, but not all free abelian subgroups of
rank n are lattices. For example, Z[v/2] C R is a free abelian subgroup of R? of rank 2 (embedding
R in R?), generated by 1 and v/2, but not a lattice since 1 and /2 are not linearly independent over
R.

The main idea with fundamental domain is that it is a subset of R™ which looks like the quotient
group R™/A. More precisely, it is a connected subset of R™ comprising exactly one representative
from each coset of R™/A. The condition of local convexity is just to avoid pathological examples of

'Locally convex means if two “nearby” points are in the set, then the line between them is in the set.
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fundamental domains (see examples below). In any case, it won’t be important for us to understand
the subtleties of what kinds of sets make up fundamental domains, but rather just the basic idea of
what one is, and understanding what the “standard” fundamental domain is. Hopefully this should
be clear when we look at the cases in R' and R2.

It is a basic fact that any fundamental domain for A has the same volume (length in dimension
1, area in dimension 2). This volume is called the volume (or covolume) of the lattice A (or
more properly the quotient R/A,,), denoted vol(A) (or more properly vol(R™/A)). (To be formally
complete, we can get away without proving this fact about all fundamental domains having the
same volume by defining the volume of the lattice to be the volume of the standard fundamental
domain, defined below.) If A is an incomplete lattice, then R™/A will have will have infinite volume.

Example 1.5.2. Since any free abelian group of rank n is isomorphic, as an abelian group, to Z",
the most obvious example of a lattice in R™ is Z"™. The standard fundamental domain for Z"™ is
Q=1[0,1)" CR"™. It should be clear any element of R™ is a Z™ translate of exactly one element in
Q. It is obviously connected and convez, therefore locally convex. It is clear vol(A) = 1.

While all lattices of R™ are isomorphic as abelian groups, they also have an inherent geometry
coming from R", providing more structure. We will not need this, but just to clear up terminology,
we will only say two lattices of R™ are isomorphic as lattices if they (or equivalently, their fundamen-
tal domains) have the same shape and size—precisely, they will be isomorphic if one is the image of
the other by an isometry (distance preserving map) of R™. In linear algebra, you may have learned
that the (linear) isometries of R™ are precisely the elements of O(n) = {A € GL,(R) : A'A =1},
the real orthogonal group of rank n. This means that two lattices of R™ are isomorphic if and only
if (a basis of) one can be transformed into (a basis of) the other by an element of O(n).

Example 1.5.3. As a special case of the above example withn = 1, Z is a lattice in R, as is Ay, = k7.
Notice that Ay, = Ay if and only if k = —k'. These are all the lattices in R, in 1 —1 correspondence
with R, parameterized by this number k. A fundamental domain for R/Ay (sometimes also referred
to as R mod k) is [0, k). In fact any half-open interval of length k is a fundamental domain for Ay,
and there are no other fundamental domains because of the connectedness requirement. We think of
R/Ay as the interval [0, k] with the endpoints glued, hence topologically it is a circle. Geometrically,
its length is vol(Ag) = k.

Example 1.5.4. A lattice in R? is determined by two generators, u = (x1,y1) and v = (z2,y2),
provided they are linearly independent. Precisely, the lattice A = (u,v) generated by u and v is A =
{mu+nv:m,n € Z} C R%. The standard fundamental domain for A is Q = {au+bv : a,b € [0,1)}.
In other words, the standard fundamental domain for A is the interior of the parallelogram deter-
mined by 0, u, v and u + v, together with half of the boundary (since opposite boundary points are
equivalent modulo A, we can only include half of them, and one of the corners). Any R2-translate
of Q is also a fundamental domain for A.

We may think of the quotient group R?/A as the fundamental domain (parallelogram) Q, with
the addition of two vectors being the sum in the fundamental domain, and if the vector lies outside
of Q, we let it wrap it around the edges of the parallelogram Pacman-style so the sum lies again in
Q. In other words, we think of R? /A as the parallelogram Q, with opposite sides glued. Topologically
this is a torus.

Example 1.5.5. Let a,b > 0. The volume of the lattice Ay = ((a,0),(0,b)) is ab, since a fun-
damental domain is a rectangle with corners 0, (a,0),(0,b), (a,b) (excluding appropriate bound-
ary points). Two of these rectangular lattices Nqp and A.q will be isomorphic if and only if
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{a,b} = {c,d}. Hence there are infinitely many non-isomorphic rectangular lattices of volume 1
given by Aa,l-

To generalize the above examples, the standard fundamental domain for A = (vy,va...,v,)
(or more properly for the basis vi,...,v,) is Q = {d av; 1 a; € [0,1)}. It is straightforward to
show this is in fact a fundamental domain. Then R™/A looks like an n-dimensional parallelogram
(parallelopiped?) and topologically is an n-dimensional torus (the product of n circles). (To be
complete, if we define volume of a lattice as the volume of a standard fundamental domain, one
should show that any two bases of A are related by an element of GL,,(Z). Then, expressing the
volumes of standard fundamental domains as determinants, one can conclude that the volume is
independent of the choice of basis.)

Exercise 1.13. Consider the lattice A = (u = (1,0),v = (%,@» in R%. Sketch the standard

fundamental domain for {u,v} compute its volume. Write down 2 other bases {uy,v1}, {ug,vo} for
A that do not just differ by sign (i.e., {u,v} # {Fu;, £v;} and {uy,v1} # {ue,va}). Sketch the

standard fundamental domains for {ui,v1} and {ug,v2} and check they have the same volume.

Exercise 1.14. Let A = (u,v) be a lattice in R? such that A C Z2. Let ) be the standard funda-
mental domain for the basis {u,v} of A. Show the volume of R?/A is the number of integral points
in Q, i.e., vol(R?/A) = |QNZ2|.

Example 1.5.6. Consider the lattice Z* in R?. A non-rectangular fundamental domain may be
constructed as follows. Start with a standard fundamental domain and remove a semicirclular shape
from one of the sides, then glue this shape onto the opposite side. (Draw a picture). This is no
longer convex, but it is still locally conver.

Now here is a non-example of a fundamental domain, which satisfies all properties except local
convexity. Let 0 be the union of line segments L, for 0 < y < 1 where L, is the line from (0,y)
(inclusive) to (1,y) (exclusive) if y is rational and to (—1,y) (exclusive) if y is irrational. Then it
is clear Q) contains evactly one representative from each coset of R?/7Z2, and it is connected since
it 18 a union of horizontal line segments which are joined by the y axis, but it is not locally convex.
(Think why, draw a picture.)

Now to apply this to ideal theory, we need to know Minkowski’s Theorem. Recall X C R"™ is
called symmetric if X = —X.

Theorem 1.5.7. (Minkowski) Let A be a lattice in R™ and X a bounded symmetric convexr subset
of R™. If vol(X) > 2"vol(R™/A), then X contains a nonzero point of A.

Proof. (It may be helpful to draw a picture for n = 2.) Let L be the lattice L = 2A. It is clear
vol(R"/L) = 2"vol(R™/A), so vol(X) > vol(R™/L). Thus, if Q is a fundamental domain for R"/L,
the natural map from R™ to €2 cannot be injective when restricted to X. Thus there must be two
points z1, 2 € X such that 21 = x9 mod L (i.e., they map to the same point in ), i.e., z1 —x9 € L.
Since X is symmetric —zy € X. Then convexity implies 0 # %xl — %1:2 e XNA. O

Two classical applications of Minkowski’s theorem is that is can be used to prove Fermat’s
two square theorem or Lagrange’s four square theorem. See [Stewart—Tall| for both proofs, or the
Chapter 8 notes from last semester for the proof of the four square theorem. However, we are more
interested in the applications to ideals in the following sections.
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1.6 The geometry of numbers: the quadratic case

What Minkowski termed the geometry of numbers is most plain to see in the imaginary quadratic
case. Let K = Q(v/—d) with d > 0 squarefree. Then O is a lattice in C ~ R2. Hence, any ideal
of Ok is a lattice in C ~ R2.

In fact, even if K = Q(v/d) is a real quadratic field, we may think of Ok as a lattice in R2. (As
we remarked earlier with Z[v/2], even though K C R, Of is not a lattice in R, so Minkowski’s idea
was to embed K into R?.) The most naive way to do this is to regard an element a + WdeK
as the element (a,bv/d) in R2. In other words, we are separating out the rational and irrational
components on the z- and y- axes of R?, just like we separate the real and imaginary components
of Q(v/—d) or C onto the z- and y- axes in the complex plane picture.

We can unify these two cases as follows. Suppose K = Q(\/&) is a real or imaginary quadratic
field, i.e., d > 1 or d < 0 and assume d squarefree. Then we can embed K in R? by the map
¢ : K — R? such that ¢(a + bv/d) = (a,b/|d|) for a,b € Q. In this picture O, and thus any ideal
of O, is a lattice of R2.

We will work out the part of Minkowski’s theory relevant for us in the case of quadratic fields. In
the interest of time, we will just state the theorems in the general case, though the basic argument
is the same.

Proposition 1.6.1. Let T be an ideal of Oy with Z-basis {a, B}, regarded as a lattice in R? via the
embedding ¢ : K — R? above. Then vol(R?/T) = 1|Ala, 8]|1/2.

In the case where K is imaginary quadratic and Z = O, we briefly discussed this at the end of
the section on discriminants.

Proof. Let (z1,y1) = ¢(a) and (z2,y2) = ¢(5), so we can write a« = x1 + \%C”\/g and § =

o + ﬁdl Vd. Note Ala, 8] = aff — aB. Since aff = x1x9 + %ywz + (z1y2 + 332?/1)%» we have

|Alev, B]|1/2 = 2|x1y2 — zoy1|. By the exercise below, this is twice the volume of the parallelogram
with corners (0,0), (z1,y1), (x2,y2) and (x1+x2, y1 +y2), which is the standard fundamental domain

of the lattice Z C R? (with respect to the basis (z1, 1), (z2,¥2)). O

Exercise 1.15. Let u = (x1,y1) and v = (x2,y2) be linearly independent vectors in R%. Show the
parallelogram with corners 0, u, v and u + v has area |x1y2 — T2y1|.

Corollary 1.6.2. With the notation of the previous proposition, vol(R?*/T) = IN(Z)/|Ak].

This gives a geometric interpretation of the norm of an ideal in terms of the volume of the
corresponding lattice.

Proof. This is immediate since N(Z) = w%}’{m (Lemma 1.4.1.) O

Lemma 1.6.3. For any ideal T of Ok, there is a nonzero o € T such that

IN(@)| £ ZN()v/Bx]
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Proof. From the previous corollary, Minkowski’s theorem implies that if X is the (open) disc of
radius r centered at the origin in R?, it contains a nonzero lattice point, i.e., a nonzero a € Z,
whenever 72 > 2N (Z)\/|Ak|. Suppose % > 2N(I)+/|Ak]| + € for some € > 0 so there is such an
a.

Now if we write o = = + —4=+/d, we see N(a) = z £ y? according to whether K is imaginary

Vidl

quadratic or real quadratic. Now o € X means z2 +y? < 72, which of course implies |22 — y?| < 72,
so in either the imaginary or real case we have |[N(a)| < r? = 2N(Z)/|Ag| + €. Taking € — 0
gives the desired result. O

Recall if 7, J are fractional or ordinary ideals of a ring R, we say 7 and J are equivalent if
aZ = bJ for some a,b € R and write Z ~ J. Via this equivalence, the class group of R (which we
technically have only defined when R is the ring of integers of a number field) is just the group of
equivalence classes of fractional ideals.

Lemma 1.6.4. Let 7 be an ideal of Or. Then T ~ J for some ideal J with norm < %\/|AK\.

Proof. For some a € O, aZ~' C Og. Then 7' = aZ~ ! is a ideal of Ok such that ZZ' = (a). Let
o € T’ such that [N(a)| < 2N(I')\/|Ak|, whose existence is guaranteed by the previous lemma.
Clearly Z'|(«v) so we can write (o) = Z'J where J is an ideal of Og. Now we are done, since

J~T"'~Tand N(J)=N(T)/N((a) < 2\/]Ak]. O

The point is that this lemma allows us to bound, and subsequently determine, the class number
in any explicit case, as well as use this to show it is finite in general. Let’s first start of with our
canonical example. Recall from Section , for K = Q(\/&) with d # 1 squarefree, the discriminant
Ag=dif d=1mod 4 and Ax = 4d if d = 2,3 mod 4.

Example 1.6.5. The class number of K = Q(v/—5) is 2, and a set of representatives for the class
group is {Ok, (2,1 +v/=5)}.

Proof. By the lemma, every ideal of Ok is equivalent to one of norm < %m ~ 2.85. There is
only one ideal of norm 1 (think back to the definition of the norm of an ideal), O. Suppose p is
an ideal of norm 2. By Lemma 1.6.3 there is an nonzero « € p with norm at most 5. However p|a
implies N (p)|N(c) means N () is even, i.e., N(«) = 2 or 4. But there are no elements of norm 2
(it is not of the form 22 + 5y% = N(x + yv/—5)), so we must have « is of norm 4, i.e., a = £2.
This means p|(2), but the prime ideal factorization of (2) in Ok is (2) = (2,1 + v/—5)? either
from last semester or the exercise below. Hence (2,1 + /=5) is the only ideal of norm 2, and it is
not principal. O

A more elementary proof of the above fact is in the Chapter 12 notes from last semester, based
off of what was in Stillwell. It still uses the lattice picture of ideals, but does not require Minkowski’s
theorem. In fact, a general proof of finiteness of the class group which avoids Minkowski’s theorem
is in [Lang].

Exercise 1.16. Consider the ideal p = (2,1++/=5) in Z[\/=5]. We proved several things about this
1deal last semester, but using norms we can give more elegant arguments. In any case, this exercise,
and the following ones, should be a good review for you.

(i) Show p|(2) but p # (2). Using norms, conclude N(p) = 2.

(ii) From (i) conclude p is non-principal and prime.

(iii) Show the prime factorization of (2) is (2) = p>.
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Exercise 1.17. Consider the ideals ¢ = (3,1 4+ +/=5) and q§ = (3,1 — \/=5) in Z[/=5].
(i) Show N(q) = N(q) = 3.
(ii) Show q, q are non-principal and prime.
(iii) Show the prime factorization of (3) is (3) = qq.

Exercise 1.18. From the previous two exercises, determine the prime ideal factorization of (6) in
Z[\/=5]. Ezplain how the non-unique factorization of elements 6 =2 -3 = (1 4++/—=5)(1 —/—5) in
Z[\/—5] is resolved in terms of the prime ideal factorization of the ideal (6).

Exercise 1.19. Let K = Q(v/—5). By the above exercises, together with the fact that hx = 2,
p ~ q in the notation above. Show this explicitly by finding nonzero a, 8 € Ok such that ap = (9.

Exercise 1.20. Using Lemma 1.6.4, show Q(v/d) has class number 1 ford = —1,—2,—-3,—7,2,3,5.

These are all the cases where Lemma 1.6.4 immediately gives class number 1, but there are other
cases.

Exercise 1.21. Show Q(v/—11) has class number 1.

The only other imaginary quadratic fields with class number 1, i.e., with unique factorization in
their ring of integers, are Q(v/—d) with d = 19, 43,67, 163 (making for a total of 9 such fields). It
is not difficult to see that these fields all have class number 1—it is much harder to show that they
are the only ones. This is Gauss’s class number conjecture, and we will say a little more about this
later. For now we will just say it was proven in 1934 by Heilbronn and Linfoot that there are only
finitely many such imaginary quadratic fields, and eventually proved that there were no others by
Heegner and Stark in the 50’s and 60’s.

Contrast this with the real quadratic case where it is conjectured that there are infinitely many
instances of class number 1 (in fact, it is thought that about 75% should be). Tables of class
numbers for small real and imaginary quadratic fields are given below.

Exercise 1.22. Show Q(v/—6) has class number 2.

Now we want to show the finiteness of the class number for a general quadratic field. We need
to know one more small fact about ideals first.

Lemma 1.6.6. Let K be a quadratic field and n € N. There are only finitely many ideals T of O
such that N(T) = n.

Proof. Regarding Ok as a lattice in R? as above, the ideals of norm n correspond to the lattices
of R? contained in Ok (i.e., sublattices of Of) of (co)volume Z/|Ax]| by Corollary 1.6.2. It is
geometrically clear that there are only finitely many such (sub)lattices.

We will see another proof later when we study the behavior of primes in extensions. In particular
we will show that if N(Z) = n, then Z|(n). But there are only finitely many ideals dividing (n) by
the uniqueness of prime ideal factorization. O

Theorem 1.6.7. Let K be a quadratic field. Then hig < oo, i.e., Clk is a finite abelian group.

Proof. By Lemma, 1.6.4, there is some n such that any equivalence class of ideals has a representative
with norm < n. Now by the previous lemma, there are only finitely many ideals with norm < n. O
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Q(Vd)

Table 1: Class numbers of small imaginary quadratic fields K
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Q(Vd)

Table 2: Class numbers of small real quadratic fields K
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1.7 The geometry of numbers: the general case

Now suppose K is a number field of degree n. In order to look at O “geometrically”, i.e., as a
lattice, we need a way to embed K into R™. Of course if a1, ..., a, is a basis for K (as a Q-vector
space), we could send > c;a; to (c1,...,¢,) € R™, but there are two issues: (i) this is not at all
canonical since it is highly dependent on the choice of basis, and (ii) there is no way with such an
arbitrary embedding to relate vol(R™/Z) with the discriminant/norm of an ideal Z of O in order
to get an analogue of Proposition 1.6.1 and its corollary.

In fact, if we look over the proof of Lemma 1.6.3, we see the key is that |[N(«)| is < the square
of the distance from « to the origin in R?, with equality in the imaginary quadratic case. However,
in some sense, the embedding we used in the real quadratic case, while perhaps the most obvious
choice, was not natural in that it came from the “standard” basis 1,vd of K = Q(\/&) One might
then ask if there is a more “natural” embedding of a real quadratic field K = Q(v/d) < R2. There
is, and the idea is to use the Galois group. Let o1, o2 be the embeddings of K — R (all embeddings
are real) given by o1 (a 4 bv/d) = a + bv/d and o9(a + bV/d) = a — b\/d.

Consider the embedding K < R? given by a — (01(a), 02(r)). This is “natural” since it does not
depend upon a choice of basis for K over QQ, and the norm satisfies the desired geometric bound: if
o = a+bVd— (2,9), then z = a+bVd, y = a—bV/d, so 22 +y? = 2(a’+db?) > 2|a®—db?| = 2N ().
(Our naive embedding of a real quadratic field into R? was of course perfectly fine for our goal in the
previous section, but the problem was it is not so helpful in suggesting an appropriate generalization
to arbitrary number fields. In fact, our naive embedding gives a better bound than the ‘“natural”
one given by the Galois group stated below.)

The standard presentation of the geometry of numbers is as follows. Let K be a number field
of degree n. Then there are n embeddings of K — C, say o1,...,0,. Assume the first s are
real embeddings, i.e., o1,...,0s actually embed K in R, and that the remaining o;’s are complex
embeddings, i.e., they do not map into R. If o; is a complex embedding, then &; also is, where
7i(a) = oi(a) and the bar denotes usual complex conjugation. In particular, there are an even
number 2¢ of complex embeddings, which occur in complex conjugate pairs. Let us denote them

Tl,?l, e ,’Tt,?t.
Now we define the embedding ¢ : K — R® x C! ~ R5+2! = R" by

d(a) = (o1(a),...,05(a), 11 (),..., ().

This is natural, in that it does not depend upon a basis for K. It does technically depend on the
ordering of the embeddings o; and 7;, as well as a choice among each conjugate pair of complex
embeddings 7; and 7;, but not in any significant way.

Example 1.7.1. If K = Q(Vd) is a real quadratic field, then s = 2 and t = 0, and ¢(a) =
(01(),09()) is the embedding described above.

If K = Q(v/—d) is an imaginary quadratic field, then s = 0 and t = 1, and Gal(K/Q) = {7, 71}
where 11 : K < C is the trivial embedding. Then also ¢p(a) = 11(a) = « is the standard embedding
into C ~ R2. If we had chosen 1, to be complex conjugation, then 71 would be the identity map on
K and we would have that ¢(a) = @ is the conjugate embedding into C ~ R2.

Thus this embedding generalizes both what we did in the imaginary quadratic case (which was
basically nothing, just the standard identification of C with R?) as well as our second approach to
the real quadratic case.
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Example 1.7.2. Let K = Q(3/2). Then Gal(K/Q) = {o1,71,71} where o1 is the trivial auto-
morphism of K, 11 maps /2 to (3v/2 and 0 maps V2 to (32\3/5 Thus ¢ : K — R x C ~ R3
by

Pla+bV2+cvV4) = (a+bV2+ Vi a+b(3V2 + c(3V4).
Exercise 1.23. Let K = Q(v/2). Write down explicitly the map ¢ in this case. Compute ¢(3),
H(3+ v/2) and ¢(1+ 32+ V/2).

Exercise 1.24. Let K = Q(v/-5, \/5) Wrrite down explicitly the map ¢ in this case. Compute
6(1+V5), ¢(1+ v/=5) and ¢(2i).

With the embedding ¢ given above, O is a lattice in R”, and as in the quadratic case we did
earlier, one can prove the following.

Proposition 1.7.3. Let T be an ideal of Ok with basis o, ..., oy, regarded as a lattice in R™ via
the embedding ¢. Then vol(R"/Z) = 27 Alay, ..., an] = 27IN(Z)/|AKk|.

Here t is the number of complex embeddings of K — C as above. This proposition gives a
geometric interpretation of discriminants for general number fields.

Lemma 1.7.4. Let T be an ideal of Og. Then T is equivalent to an ideal of O with norm
t
< (2)" VIAk].
Note that in the case of real quadratic fields, this gives a weaker bound that what we got in

the last section because there will be no factor of % here. It’s possible to improve the bound in the
lemma by being more careful. Precisely one can show

Lemma 1.7.5. (Minkowski’s bound) Let Z be an ideal of Or. Then T is equivalent to an ideal
of Ok with norm < (%)t %\/]AK\.

This is better than the simple bound we gave in the previous section in real quadratic case, and
the same as our previous bound in the imaginary quadratic case. The better bound in the real case
is in line with the notion that the class numbers for real quadratic fields tend to be smaller than
those for imaginary quadratic fields, though it provides no real explanation. In any case, we will
not be concerned overly much with optimal bounds. For us, the main point is

Theorem 1.7.6. Let K be a number field. Then hi < co.

The proof for the general case is the same as the quadratic case, admitting one of the bounds in
the previous lemmas. Complete proofs of these results should be available in any Algebraic Number
Theory text.

1.8 Interlude: Dirichlet’s Units Theorem

There are several applications of Minkowski’s geometry of numbers to classical problems. Apart
from the applications to class groups and quadratic forms discussed above, other applications are
to bounding the number of lattice points enclosed by a polygon and bounding the number of balls
that can fit in a given region (i.e., sphere packing bounds—a remarkable result around 15 years ago
was the resolution of Kepler’s conjecture on the optimal way to pack spheres in space).

In algebraic number theory, there is another major application of the geometry of numbers, and
that is to prove Dirichlet’s Units Theorem. Since we will not have need of this theorem, we will not
prove it in the interest of time, but it is such a fundamental result about number fields we would
be remiss not to mention it.
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Theorem 1.8.1. (Dirichlet’s Units Theorem) Let s be the number of real embeddings and 2t be the
number of complex embeddings of a number field K. Then the group of units U of Ok is isomorphic
(as an abelian group) to Z5+tt=1 x Cy,, for some m € N.

The basic idea of the proof is to embed K in R*+?!. Since the units are multiplicative, applying
logarithms coordinate-wise makes an additive subgroup of R*t2! i.e., an incomplete lattice, which
one shows is of rank s +¢ — 1.

We note that the determination of the finite cyclic group Cs,, appearing in the theorem is simple
to determine for any given K. It is simply given by the roots of unity which are contained in K, as
any unit of finite order must be a root of unity, and all roots of unity are algebraic integers.

1.9 Debriefing

Dedekind introduced ideal theory to resolve the failure of unique factorization in O for arbitrary
number fields K. The first suggestion is that this is a good theory to look at, is that it provides a
clear characterization of when Ok does have unique factorization—namely, if and only if Ok is a
PID, which is if and only if hx = 1. (We stated this before the prime ideal factorization theorem
last semester, even though we didn’t prove the only if direction until this chapter.) The prime ideal
factorization theorem tells us it in fact is an excellent theory to look at, and we saw how it resolved
the non-unique factorization of 6 = 2-3 = (14 /=5)(1 — v/=5) in Z[/=5]. Historically, it was the
3rd approach to resolve these non-unique factorizations, coming after Gauss’s theory of quadratic
forms (for quadratic fields) and Kummer’s theory of “ideal numbers.” These ideas are still very
interesting, and we will discuss them in Part II.

We began this chapter by generalized some ideas such as conjugates and norms from quadratic
fields to arbitrary number fields using Galois groups. As you may be aware from algebra, in many
cases the Galois group of an extension can be somewhat difficult to compute, but simple non-
quadratic examples are still fairly easy to compute, as we have seen with examples.

The point is the Galois group of a degree n extension is a transitive subgroup of 5, acting on
the n roots of the minimal polynomial of a primitive element. When n = 2, there is only one
transitive subgroup of Sy ~ Cs, and the extension is necessarily Galois. Here it is immediate what
the Galois group is. However for n > 2, there is more than one transitive subgroup of S,, (e.g., Sy,
A, Cy), and one need to do some work to determine what is is. Further, sometimes the primitive
element is obvious, but sometimes it is not, e.g., what is a primitive element for Q(v/2,v/3)? (You
can show /2 4+ /3 works by a degree argument and the characterization of quadratic fields, but
you can see how this can get complicated quickly. Even knowing this, how do you determine the
minimum polynomial—what is the minimum polynomial of /2 + v/3?) In general, one probably
wants to use the main theorem of Galois theory (which I won’t review) to use the subfield lattice to
help determine the Galois group. However, the examples we will cover will be simple enough that
we don’t need to use the full force of Galois theory to determine the Galois group.

Knowing the Galois group of K over Q it is easy to determine the conjugates and norm of
an element in K. What is not so simple is determining the ring Q. There is an algorithm
for doing this using discriminants, though it turns out to be fairly computational even for simple
examples like Q(v/2,v/3). However, our main reason for looking at discriminants is that they
provide a fundamental invariant of a number field K and its ideals (i.e., the ideals of Ok). For K
an imaginary quadratic field, the discriminant of O or an ideal Z of Ok is essentially the volume
of the corresponding lattice, as well as essentially the norm of the ideal squared. (We only defined
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the discriminant of a basis of an ideal, but by the formula in terms of the norm, this is clearly
independent of the choice of basis.) Then with Minkowski’s theorem, we were able to bound the
norm of “minimal” representative of the class group in terms of the discriminant, providing a proof
of the finiteness of the class group Clg, as well as allowing us to explicitly determine the class group
in particular cases.

On the other hand, for real quadratic fields K C R, O is not a lattice, but we have seen at
least two ways to embed K in R? which makes O a lattice—the naive way, and the approach via
Galois conjugates. The second approach generalizes for an arbitrary number field K of degree n,
allowing us to view Ok as a lattice in R™. As before the norm and discriminant of the ideal are
essentially the (co)volume of the lattice O, and Minkowski’s theorem allows us to show the class
group is finite, and bound norms of a set of minimal representatives of the class group.

Stillwell talked about the shape of ideals in imaginary quadratic fields. Two lattices (ideals) in
C ~ R? will have the same shape if and only if they differ by a complex scalar (principal ideal).
Hence two ideals will have the same shape if and only if they are equivalent. Thus the class number
is the number of different possible shapes of ideals. Similarly, via the geometry of numbers developed
by Minkowski, if two ideals are equivalent, they will have they same shape, regarded as lattices in
R™.

The goal of this chapter was to show finiteness of the class group (at least a complete proof in
the quadratic case, and the general case is similar in spirit), and show in some specific cases how we
can determine the class number and class group. There are two reasons for this: (i) to understand
factorization in O, which is a basic problem in algebraic number theory, and (ii) applications to
Diophantine equations.

First off, the class group of K measures the failure of unique factorization in O . The larger
it is the more different the set of irreducible factorizations of some algebraic integer a € O can
be. For example, K has class number 2 if and only if every element of O does not have unique
factorization but any factorization into irreducibles has the same number of factors. We will come
back to this idea in Part II.

Now what is the bearing of the class group on solving Diophantine equations? Well, first of all,
the simplest case is when O has unique factorization, i..e, class number 1. We have shown the
rings of integers of the fields Q(v/d) for d = —1, -2, —3, -7, —11,2, 3, 5 all have unique factorization.
Following the approach last semester, this makes it easy to determine which primes are of the form
22+ dy? for d = 1,2,3,7. In particular, we used unique factorization in Z[v/—2] to show y® = 2% +2
has only one solution (5,3) in N, and unique factorization in Z[(3] to show x3 + 3® = 23 has no
solutions in N. Lamé gave an argument that z¥ +y” = 2P has no solutions in n for p and odd prime
whenever Z[(,] has unique factorization.

Even when Z[y/—d] does not have unique factorization, we can still use knowledge of the class
group to determine the primes of the form x? + dy?. Specifically, we used the fact that Z[/—5] has
class number 2 to determine the primes of the form 22 + 5y? at the end of last semester. (Refer
to last semester’s Chapter 12 notes, or wait till we review this next chapter.) In order to approach
this problem for general d > 0 squarefree, observe p = 2% + dy? = (z + yv/—d)(z — yv/—d), which
means the prime p splits into prime ideals (p) = (z + yv/—d)(x — yv/—d) in the ring Z[\/—d]. This
is a particular case of the general question, given an extension of number fields L/K and a prime
ideal p of Ok, how do we determine how it behaves in L, i.e., what is the prime ideal factorization
of pOr in Op? This is another basic question of Algebraic Number Theory, and in particular when
K = Q, it will tell us what is the prime ideal factorization of (n) in Or. Hence, this is important for
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studying general Diophantine equations also, and this question will be the focus of the next chapter.

In the following chapter, we will briefly talk about cyclotomic fields K = Q((,) where ¢, is a
primitive p-th root of unity and p is an odd prime. This is the next most important and basic
type of number field after the quadratic fields. This will (i) give us a better understanding of the
concepts discussed in this chapter for non-quadratic fields, and (ii) provide an opportunity for more
applications. The most famous application of these fields is to Kummer’s approach to Fermat’s last
theorem. While a complete proof of Kummer’s result would take longer than we would like to spend
on this, we will at least give a sketch of the argument using Dedekind’s ideal theory (as opposed to
Kummer’s original approach via ideal numbers).

Finally, a look at the class number tables in this chapter shows that even in the simple case of
quadratic fields, the class numbers behave with apparently little regularity, just like prime numbers
seem to behave with little regularity. Thus it might seem unlikely that one could come up with an
exact formula for the class number hx. Remarkably, Dirichlet did just that, using the theory of
L-functions, which itself is closely related to hidden regularities in prime numbers. This is what we
will study at the end of Part I.
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