Final Review Worksheet: Comments Disc Math — Fall 2018

Here are some hints/comments/answer to the practice problems for the final exam. Let
me know if you spot any errors.

1 True/False

1. T

2. F
T
4. T
F
F (would be T with condition C # )

7. T (there was a typo on the statement in the first version—the P C P(B) should read
P(A) € P(B))

10.
11.
12.
13. T (contrapositive)
14.
15.
16. F (remember DeMorgan’s Laws)
17.
18.

19.

H 29 4 49 =929 =1 =2 <4 <4 = = = =

20.
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2 Problems

1.

10.

11.

12.

13.

Give an example of a sentence which is not a statement.

“This sentence is false.” or “Beware the ides of March.”

. Prove or disprove: every function from A = {1,2} to B = {1,2,3} is injective.

Discussed in class (false, gave counterexample)

. Prove or disprove: no function from A = {1,2} to B = {1, 2, 3} is surjective.

Discussed in class (true, pigeonhole principle)

. Show z2 = 1 — 2% has no solutions in Z.

Think contradiction—suggestion, use positivity of z2.

. Show that if x is irrational, so is y/z.

Think contrapositive.

. Prove that an integer is divisible by 2 if and only if its last digit is.

Discussed in class (remember, for if and only if proofs, prove one direction then the
other)

Let A= B ={1,2,3,4}. How many functions are there f: A — B?

Discussed in class: 4%

. Let A= B ={1,2,3,4}. How many injective functions are there f : A — B?

4-3-2-1=41= 24 (4 possibilities for f(1), 3 for f(2), ...)

. Let A= B =1{1,2,3,4}. How many surjective functions are there f : A — B?

4.-3-2-1=41=24

Let A= B ={1,2,3,4}. How many bijective functions are there f : A — B?

4-3-2-1=4!=24 (since A and B both have cardinality, injective <= surjective
<= bijective)

Discussed in class—count partitions, for {a, b, c} you should get 1 +3+1=5

What is the coefficient of 297y in (x + y)100?

Use binomial theorem—('3") = (1) = (100-99 - 98)/6

Negate the statement: if 22 > 1, then 2 > 1. Is this statement or its negative true?
One way to state the negation: There exists 2 < 1 such that z? > 1. The negation is
true—e.g., take x = —2.

Let A, B be sets in a universal set X. Prove or disprove: AU B = AU B.

False: e.g., take X =R, A = (—00,0), B = (0,00). Then AUB =R, but AU B = {0}.
However something close is true: AUB = AN B. This is like one of DeMorgan’s laws,
but for sets.
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14.

15.

16.

17.

18.

19.

Show a € Z is odd if and only if a® + 2a + 3 is even.

Similar to Ch7, Ex 1-5. Again, prove one direction then the other. For = , assume
a =2k + 1. May want to use contrapositive for other direction and suppose a = 2k is
even. Note: you can realize a? + 2a + 3 = (a+ 1)% 4 2 to make your arguments easier,
but you don’t have to.

Prove n2 < n? for all n € N.

You could do induction, but direct proof is easiest. This is equivalent to n® — n? =

n?(n —1) > 0 for all n € N. Since n? > 0 and n > 1, the left hand side is > 0.
Alternatively, you could divide by n?, which you should note is always > 0 (both for
division to be defined, and not to flip the inequality).

Prove 3" > 2" + 1 for all n € N.

Use induction. See Ch 10, Ex 16.

Prove or disprove: if A and B are sets, then P(A) — P(B) C P(A — B).

See Ch 10, Ex 9.

Consider a 5-card hand dealt from a standard 52-card deck. How many hands are
there such that:

(a) there are at least 2 cards from 1 suit?

(b) there are at least 2 cards which are clubs?

(c) all cards are clubs?

(d) all cards are clubs but non-consecutive? (a flush in clubs, but not a straight
flush—recall if your cards are 2 3 ... 10 J Q K A, then you can think of J as 11, Q as
12, K as 13 and A can be either 1 or 14)

Discussed in class. Note that the order in which the cards appear in your hand do
not matter.

(a) By the pigeonhole principle, this is all 5-card hands, so there are (552) =52-51-
50 - 49 - 48/120 of them.

(b) To get the number of hands with exactly & clubs, you choose k out of the 13 clubs,
then 5 — k out of the 39 non-clubs, which gives (1,5’) . (53_9k) possibilities. You could
either add this up from & = 2 to k = 5, or just subtract the k = 0 and k£ = 1 values

from the total number of hands.

(c) Asin (b), thisis (V') = 13119 = 1287.

(d) There are 10 possibilities for the lowest numerical value of a card in a straight,
and this number together with a suit completely determines a hand that is a straight
flush. Hence from (c) there are 1287 — 10 = 1277 possibilities.

Prove or disprove: if A, B, C, D are sets, then (Ax B)U(C' x D) = (AUC) x (BUD,).
See Ch 10, Ex 5
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20.

21.

22.

1 1 1 1 _ 1
PI‘OVGE—FE—F@‘F"'—FW—I—TL—_H.
See Ch 10, Ex 15

Give 2 infinite sets with the same cardinality, and 2 infinite sets with different cardi-
nalities. For the 2 sets with the same cardinality, prove they have the same cardinality.

For 2 sets with the same cardinality, you could do something like Z and N, or NU {0}
and N. You prove they have the same cardinality by exhibiting a bijection—for the
latter pair the bijection is just given by f(z) = = + 1. In general, you should check
your function is a bijection.

For 2 sets with different cardinalities, you could take Z and R, or Q and R.

(Bonus) Explain Russell’s paradox. What does it mean for set theory?

See Sec 1.10. What it means is you need to be careful about the definition of sets
in formal logic. (Just like not every declarative sentence can be made true/false in a
consistent way, not every collection of objects you can give a description for can be
resolved in a consistent way. Of course the natural mathematical objects we look at,
N, Z,Q, R, {f:R — R}, ... are sets, so we don’t really have to worry about this stuff
when we're doing “everyday mathematics.”)

FYI, there may or may not be a bonus problem on the exam. I haven’t decided yet.



